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ABSTRACT. In this paper, we investigate the existence of a family of periodic orbits for the 
Liénard systems by expressing these systems as a Hamiltonian system with two degrees of 
freedom The main technique applied here is the averaging theory. 

1. Introduction and statement of the main results 

The Liénard oscillator is defined by the equation. 

 𝑥̈ + 𝜙(𝑥)𝑥̇ + 𝜓(𝑥) = 𝜑(𝑡), (1) 

and is frequently used as a nonlinear model in various scientific fields, depending on the 
specific forms of ϕ(𝑥), ψ(𝑥), and φ(𝑡). For example, equation (1) reduces to the Van der Pol 
oscillator, a well-known nonlinear model for electronic oscillations, when ϕ(𝑥) =
μ(𝑥2 − 1),ψ(𝑥) = 𝑥, and 𝜑(𝑡) = 0, see [4][10]. Additionally, nonlinear evolution equations, 
such as the Burgers-KdV equation, which emerge from many physical phenomena, can also be 
transformed into equation (1) see [3]. Consequently, the study of equation (1) is of great 
physical and theoretical importance. 

In this work, we will analytically investigate the existence of periodic orbits in Liénard 
differential systems, which take the following form 
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 {
𝑥̈ − 𝜇(1 + ∑  𝑛

𝑘=1 𝑎𝑘𝑥
𝑘)𝑥̇ + 𝑥 = 0,

𝑦̈ + 𝜇(1 + ∑  𝑛
𝑘=1 𝑎𝑘𝑥

𝑘)𝑦̇ + 𝑦 = 0.
 (2) 

Where 𝜇 is sufficiently small and 𝑎𝑘 ≠ 0. 

Let 𝑝𝑦 = 𝑥̇ and 𝑝𝑥 = 𝑦̇ + μ(1 + ∑ 𝑎𝑘𝑥
𝑘𝑛

𝑘=1 )𝑦, then, the second-order ordinary nonlinear 
differential equations (2) can be expressed as a Hamiltonian system with following form 

 

𝑥̇ = 𝑝𝑦

𝑦̇ = 𝑝𝑥 − 𝜇(1 + ∑  𝑛
𝑘=1 𝑎𝑘𝑥

𝑘)𝑦

𝑝̇𝑥 = −𝑦 + 𝜇(∑  𝑛
𝑘=1 𝑘𝑎𝑘𝑥

𝑘−1)𝑦𝑝𝑦

𝑝̇𝑦 = −𝑥 + 𝜇(1 + ∑  𝑛
𝑘=1 𝑎𝑘𝑥

𝑘)𝑝𝑦

 (3) 

the Hamiltonian corresponding to the system (3) can be obtained as 

 ℋ(𝑥, 𝑦, 𝑝𝑥 , 𝑝𝑦) = 𝑝𝑥𝑝𝑦 + 𝑥𝑦 − 𝜇(1 + ∑  𝑛
𝑘=1 𝑎𝑘𝑥

𝑘)𝑦𝑝𝑦 . (4) 

Recall that 𝑝𝑥  and 𝑝𝑦 are the conjugate momenta. 

Numerous papers in the literature focused on the analytical studies of periodic solutions 
for Hamiltonian systems using averaging theory; see references [7][1]. In the paper [5], a novel 
analytical study to studying the periodic solutions of a Hamiltonian system using averaging 
theory was presented, using a different methodology. 

In this work, we aim to study the periodic orbits of a Hamiltonian system (3) resulting 
from second-order ordinary nonlinear differential equations (2), analytically using averaging 
theory. Periodic orbits of Hamiltonian systems or differential systems are usually investigated 
numerically due to the difficulty of analytical study, as the latter can sometimes be impossible. 
With the help of fresh concepts and methodologies, the methodology used in averaging theory 
can be expanded to investigate the periodic orbits of many other Hamiltonian systems using 
new ideas and methods. Our main results are the following. 

Theorem 1. For 𝜇 sufficiently small, 𝑎𝑘 ≠ 0 with 𝑘 ∈ ℕ∗ and for each ℎ ∈ ℝ the Liénard 

differential systems (2) have at most [
𝑛

2
] periodic orbits. 

Here [⋅] denotes the integer part function. 

2. The averaging theory of first order 

In this section, we summarize the key results from the first-order averaging theory to 
compute periodic orbits, which will be used to prove Theorem 1. The proofs for the following 
results can be found in Theorems 11.5 and 11.6 of Verhulst's book [9], with further 
improvements in [2] and [6]. Further information on the general theory of averaging may be 
found in the monograph [8]. 

We consider the differential equation 

 𝑥̇ = μF(𝑡, 𝑥) + μ2G(𝑡, 𝑥, μ), with 𝑥(0) = 𝑥0, (5) 
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where 𝜇 is a small parameter, 𝑥 ∈ Ω ⊂ ℝ𝑛 is an open subset and 𝑡 ∈ ℝ+. We assume that the 
functions 𝐹(𝑥, 𝑡) and 𝐺(𝑡, 𝑥, 𝜂) are periodic in 𝑡 of period 𝑇. 

Now, we consider the averaged differential equation associated with Eq. (5) 

 𝑦̇ = 𝜇𝑓(𝑦), with 𝑦(0) = 𝑥0, (6) 

where 𝑦 ∈  Ω . As usual, we denote the first-order averaged function by 𝑓(𝑦), defined as 

 𝑓(𝑦) =
1

𝑇
∫  
𝑇

0
F(𝑡, 𝑦)𝑑𝑡 (7) 

Theorem 2. For the Eq. (5) and (6), we make the following assumptions: 

(i) 𝐹 is a 𝐶2 function and is bounded by a constant independent of 𝜇 in 
[0,∞) × 𝑈 for all 𝜇 ∈ (0, 𝜇0]. 

(ii) 𝐹 and 𝐺 are 𝑇-periodic in 𝑡, where 𝑇 is independent of 𝜇. 

(iii)  The solution 𝑦(𝑡) of Eq. (6) belongs to 𝑈 for all 𝑡 in the interval [0,
1

𝜇
] 

If 𝑝 is an equilibrium point of the Eq. (6), where 

 det (
𝜕𝑓

𝜕𝑦
)|
𝑦=𝑝

≠ 0.  

there exists a 𝑇-periodic solution 𝑥(𝑡, 𝜇) of Eq. (5) such that 𝑥(𝑡, 𝜇) → 𝑝 as 𝜇 → 0. 

3. Proof of Theorem 1 

It is evident that the Hamiltonian system's (3) only equilibrium point is the origin 
(0,0,0,0). The characteristic polynomial 𝑝(𝜆) for the linearized of Hamiltonian system (3) at 
the origin is 

 𝑝(𝜆) = 𝜆4 + (2 − 𝜇2)𝜆2 + 1,  

and its four eigenvalues are given by 

 ±
𝜇

2
±
√𝜇2−4

2
.  

By direct computing, we obtain the matrix of the linear part of the system (3) at the origin 
(0,0,0,0) as follows 

 (

0 0 0 1
0 −𝜇 1 0
0 −1 0 0
−1 0 0 𝜇

)  

and its real Jordan normal form is 
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(

 
 
 
 
 

𝜇

2
−
√4−𝜇2

2
0 0

√4−𝜇2

2

𝜇

2
0 0

0 0 −
𝜇

2
−
√4−𝜇2

2

0 0
√4−𝜇2

2
−
𝜇

2 )

 
 
 
 
 

  

With respect to Hamiltonian system (3), we perform a linear transformation 

 

𝑥 = −
√4−𝜇2

2
𝑋 +

𝜇

2
𝑌,

𝑝𝑥 = 𝑈,

𝑦 = −
√4−𝜇2

2
𝑍 +

𝜇

2
𝑈,

𝑝𝑦 = 𝑌,

  

where 𝜇 is a small parameter. By expressing the Hamiltonian system (3) in new variables 
(𝑋, 𝑌, 𝑍, 𝑈), we get the following new system 

 

𝑋̇ =
1

2√4−𝜇2
(−(4 − 𝜇2)𝑌 + 𝜇√4 − 𝜇2𝑋

+2𝜇2 ∑  𝑛
𝑘=1 𝑎𝑘 (−

√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘

𝑌) ,

𝑌̇ =
√4−𝜇2

2
𝑋 +

𝜇

2
𝑌

+𝜇 ∑  𝑛
𝑘=1 𝑎𝑘 (−

√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘

𝑌,

𝑍̇ = −
√4−𝜇2

2
𝑈 −

𝜇

2
𝑍

−𝜇 ∑  𝑛
𝑘=1 𝑎𝑘 (−

√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘

𝑍

+

∑  𝑛
𝑘=1 𝑎𝑘(−

√4−𝜇2

2
𝑋+

𝜇

2
𝑌)

𝑘

𝜇2𝑈

√4−𝜇2

−
𝜇2

2
𝑌𝑍∑  𝑛

𝑘=1 𝑘𝑎𝑘 (−
√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘−1

+
𝜇3

2√4−𝜇2
𝑌𝑈∑  𝑛

𝑘=1 𝑘𝑎𝑘 (−
√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘−1

,

𝑈̇ =
√4−𝜇2

2
𝑍 −

𝜇

2
𝑈

−
𝜇

2
∑  𝑛
𝑘=1 𝑘𝑎𝑘 (−

√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘−1

𝑌√4− 𝜇2𝑍

+
𝜇2

2
∑  𝑛
𝑘=1 𝑘𝑎𝑘 (−

√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘−1

𝑌𝑈.

 (8) 

The Hamiltonian (4) can be rewritten in terms of the new variables (𝑋, 𝑌, 𝑍,𝑈) as follows 
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𝐻 = 𝑌𝑈 + (−
√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)(−

√4−𝜇2

2
𝑍 +

𝜇

2
𝑈)

−𝜇 (1 + ∑  𝑛
𝑘=1 𝑎𝑘 (−

√4−𝜇2

2
𝑋 +

𝜇

2
𝑌)

𝑘

)

× (−
√4−𝜇2

2
𝑍 +

𝜇

2
𝑈) 𝑌,

 (9) 

In the differential system (8) we change the variables (𝑋, 𝑌, 𝑍,𝑈) to (𝑟, 𝜃, 𝑠, 𝜙), where 

 

𝑋 = 𝑟 cos 𝜃
𝑌 = 𝑟 sin 𝜃
𝑍 = 𝑠 cos (𝜃 + 𝜙),
𝑈 = 𝑠 sin (𝜃 + 𝜙),

  

with 𝑟 > 0 and 𝑠 > 0. In the new variables, system (8) becomes 

 

𝑟̇ =
𝑟

4
(2 − 4∑  𝑛

𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))
𝑘(cos (𝜃))2

+4∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘)𝜇 + 𝒪(𝜇2)

𝜃̇ = 1 + cos (𝜃)sin (𝜃)∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘𝜇 + 𝒪(𝜇2)

𝑠̇ =
𝑠

2cos (𝜃)
(−cos (𝜃) + 2sin (𝜃 + 𝜙)

× (∑  𝑛
𝑘=1 𝑎𝑘𝑘(−𝑟 cos (𝜃))

𝑘sin (𝜃)cos (𝜃 + 𝜙))

−2∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘(cos (𝜃 + 𝜙))2cos (𝜃))𝜇 + 𝒪(𝜇2)

𝜙̇ =
1

cos (𝜃)
(−(cos (𝜃))2sin (𝜃) ∑  𝑛

𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))
𝑘

+sin (𝜃 + 𝜙)∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘cos (𝜃 + 𝜙)cos (𝜃)

+(cos (𝜃 + 𝜙))2 ∑  𝑛
𝑘=1 𝑎𝑘𝑘(−𝑟 cos (𝜃))

𝑘sin (𝜃))𝜇 + 𝒪(𝜇2)

 (10) 

In the new variables (𝑟, 𝜃, 𝑠, 𝜙) the first integral 𝐻 given in (9) rewritten as follows 

 

𝐻 = 𝑟 sin (𝜃)𝑠 sin (𝜃 + 𝜙) + (−1/2√4− 𝜇2𝑟 cos (𝜃) + 1/2𝜇 𝑟 sin (𝜃))

× (−1/2√4− 𝜇2𝑠 cos (𝜃 + 𝜙) + 1/2𝜇 𝑠 sin (𝜃 + 𝜙))

−𝜇 (1 + ∑  𝑛
𝑘=1 𝑎𝑘 (−1/2√4 − 𝜇

2𝑟 cos (𝜃) + 1/2𝜇 𝑟 sin (𝜃))
𝑘
)

× (−1/2√4− 𝜇2𝑠 cos (𝜃 + 𝜙) + 1/2𝜇 𝑠 sin (𝜃 + 𝜙)) 𝑟 sin (𝜃)

 (11) 

Next, by taking 𝜃 as the new variable for time, the differential system (10) can be 
expressed in the following form. 
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𝑑𝑟

𝑑𝜃
= 𝑟′ =

𝑟

4
(2 − 4∑  𝑛

𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))
𝑘(cos (𝜃))2

+4∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘)𝜇 + 𝒪(𝜇2)
𝑑𝑠

𝑑𝜃
= 𝑠′ =

𝑠

2 cos (𝜃)
(−cos (𝜃) + 2 sin (𝜃 + 𝜙)

× (∑  𝑛
𝑘=1 𝑎𝑘𝑘(−𝑟 cos (𝜃))

𝑘sin (𝜃)cos (𝜃 + 𝜙))

−2∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘(cos (𝜃 + 𝜙))2cos (𝜃))𝜇 + 𝒪(𝜇2)
𝑑𝜙

𝑑𝜃
= 𝜙′ =

1

cos (𝜃)
(−(cos (𝜃))2sin (𝜃) ∑  𝑛

𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))
𝑘

+sin (𝜃 + 𝜙)∑  𝑛
𝑘=1 𝑎𝑘(−𝑟 cos (𝜃))

𝑘cos (𝜃 + 𝜙)cos (𝜃)

+(cos (𝜃 + 𝜙))2∑  𝑛
𝑘=1 𝑎𝑘𝑘(−𝑟 cos (𝜃))

𝑘sin (𝜃))𝜇 + 𝒪(𝜇2)

 (12) 

From the first integral H in the new variables (𝑟, 𝜃, 𝑠, 𝜙) (11) and 𝐻 = ℎ, we get 

 𝜙 = arccos (
ℎ

𝑟𝑠
) (13) 

Substituting 𝜙 into differential system (12) gives that 

 

𝑟′ =
𝑟

4
(2 − 4∑  𝑛

𝑘=1 (−1)
𝑘𝑎𝑘𝑟

𝑘(cos (𝜃))𝑘+2

+4∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑟
𝑘(cos (𝜃))𝑘)𝜇 + 𝒪(𝜇2),

= 𝜇F11(𝜃, 𝑟, 𝑠) + 𝒪(𝜇
2),

𝑠′ =
𝑠

2cos (𝜃)
(−cos (𝜃) + 2 sin (𝜃 + arccos (

ℎ

𝑟𝑠
))

× (∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑘𝑟
𝑘(cos (𝜃))𝑘sin (𝜃)cos (𝜃 + arccos (

ℎ

𝑟𝑠
)))

−2∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑟
𝑘(cos (𝜃))𝑘 (cos (𝜃 + arccos (

ℎ

𝑟𝑠
)))

2

cos (𝜃))𝜇

+𝒪(𝜇2),

= 𝜇F12(𝜃, 𝑟, 𝑠) + 𝒪(𝜇
2).

 (14) 

The differential system (14) has been written into the standard form (5) to apply the 
averaging theory. Here using the notation of Theorem 2, the following should be considered 

 
𝑥 = 𝑦 = (𝑟, 𝑠), 𝑡 = 𝜃, 𝑇 = 2𝜋

F(𝑡, 𝑥) = (F11(𝜃,𝑟,𝑠)
F12(𝜃,𝑟,𝑠)

), 𝑓(𝑥) = (𝑓11(𝑟,𝑠)
𝑓12(𝑟,𝑠)

),
  

and we have 

 

𝑓11(𝑟, 𝑠) =
𝑟

4
(2 −

2

𝜋
∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑟
𝑘 ∫  

2𝜋

0
(cos (𝜃))𝑘+2𝑑𝜃

+
2

𝜋
∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑟
𝑘 ∫  

2𝜋

0
(cos (𝜃))𝑘𝑑𝜃)

=
𝑟

4
(2 −

2

𝜋
∑  𝑛
𝑘=2 (−1)

𝑘𝑎𝑘𝑟
𝑘(𝛼𝑘+2 − 𝛼𝑘))

= 𝑝(𝑟)

  

and 
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𝑓12(𝑟, 𝑠) =
1

2𝜋
∫  
2𝜋

0

𝑠

2cos (𝜃)
(−cos (𝜃) + sin (2𝜃 + 2 arccos (

ℎ

𝑟𝑠
))

× (∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑘𝑟
𝑘(cos (𝜃))𝑘sin (𝜃))

−2∑  𝑛
𝑘=1 (−1)

𝑘𝑎𝑘𝑟
𝑘(cos (𝜃))𝑘 (cos (𝜃 + arccos (

ℎ

𝑟𝑠
)))

2

cos (𝜃)) 𝑑𝜃,

  

After simplifying the function 𝑓12(𝑟, 𝑠), it becomes as follows 

 

𝑓12(𝑟, 𝑠) = −
𝑠

4𝜋
(1 − 2∑  𝑛

𝑘=2
k even

(2𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘 (

ℎ

𝑟𝑠
)
2

∫  
2𝜋

0
(cos (𝜃))𝑘𝑑𝜃

+4∑  𝑛
𝑘=2

k even

(𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘 (

ℎ

𝑟𝑠
)
2

∫  
2𝜋

0
(cos (𝜃))𝑘+2𝑑𝜃

+2∑  𝑛
𝑘=2

k even

(−1)𝑘𝑎𝑘𝑟
𝑘 ∫  

2𝜋

0
(cos (𝜃))𝑘(𝑘 + 1)𝑑𝜃

−2∑  𝑛
𝑘=2

k even

(𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘 ∫  

2𝜋

0
(cos (𝜃))𝑘+2𝑑𝜃) ,

= −
𝑠

4𝜋
(1 − 2∑  𝑛

𝑘=2
k even

(2𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘 (

ℎ

𝑟𝑠
)
2
𝛼𝑘

+4∑  𝑛
𝑘=2

k even

(𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘 (

ℎ

𝑟𝑠
)
2
𝛼𝑘+2

+2∑  𝑛
𝑘=2

k even

(𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘𝛼𝑘

−2∑  𝑛
𝑘=2

k even

(𝑘 + 1)(−1)𝑘𝑎𝑘𝑟
𝑘𝛼𝑘+2) ,

  

Now, we rely on the following integration 

 𝛼𝑘 = {
∫  
2𝜋

0
(cos (𝜃))𝑘𝑑𝜃 ≠ 0     if 𝑘 is even, 

0     if 𝑘 is odd. 
  

It is easy to verify that the polynomial 𝑝(𝑟) has at most [
𝑛

2
] positive roots. For these roots, 

the function 𝑓12(𝑟, 𝑠) accepts at most one positive root for the variable 𝑠. Moreover, if the 
determinant of the Jacobian matrix (7) for our differential system (14) is non-zero at these roots, 

then by Theorem 2, for 𝜇 sufficiently small, and for each ℎ ∈ ℝ, there can be at most [
𝑛

2
] 

periodic orbits. Thus, we can conclude that for 𝜇 sufficiently small, if 𝑎𝑘 ≠ 0 for 𝑘 ∈ ℕ∗ and 

for each ℎ ∈ ℝ the Liénard differential systems (2) have at most [
𝑛

2
] periodic orbits. 
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