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ABSTRACT. In this paper, we investigate the existence of a family of periodic orbits for the
Liénard systems by expressing these systems as a Hamiltonian system with two degrees of
freedom The main technique applied here is the averaging theory.

1. Introduction and statement of the main results

The Liénard oscillator is defined by the equation.

¥+ o)X +P((x) = @(t), (1)

and is frequently used as a nonlinear model in various scientific fields, depending on the
specific forms of ¢ (x), P(x), and @(t). For example, equation (1) reduces to the Van der Pol
oscillator, a well-known nonlinear model for electronic oscillations, when ¢(x) =
u(x? — 1), P(x) = x, and @(t) = 0, see [4][10]. Additionally, nonlinear evolution equations,
such as the Burgers-KdV equation, which emerge from many physical phenomena, can also be
transformed into equation (1) see [3]. Consequently, the study of equation (1) is of great
physical and theoretical importance.

In this work, we will analytically investigate the existence of periodic orbits in Liénard
differential systems, which take the following form
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{5& —p(1+ 30, apx®)x+x =0, @)

J+u(l+Xi, ax®)y+y=0.
Where u is sufficiently small and a;, # 0.

Letp, =xandp, =y +u(l +X3_; a, x¥)y, then, the second-order ordinary nonlinear
differential equations (2) can be expressed as a Hamiltonian system with following form

X = Py
Y =P — #(1+ZRoy apx®)y )
Pr = =y + u(Zho1 karx*)yp,,
by =—x+ .u(l + Xk=1 akxk)py
the Hamiltonian corresponding to the system (3) can be obtained as
H (%, Y, P2 Py) = Paby +xy — (1 + ZRoy arx*)ypy. (4)

Recall that p, and p,, are the conjugate momenta.

Numerous papers in the literature focused on the analytical studies of periodic solutions
for Hamiltonian systems using averaging theory; see references [7][1]. In the paper [5], a novel
analytical study to studying the periodic solutions of a Hamiltonian system using averaging
theory was presented, using a different methodology.

In this work, we aim to study the periodic orbits of a Hamiltonian system (3) resulting
from second-order ordinary nonlinear differential equations (2), analytically using averaging
theory. Periodic orbits of Hamiltonian systems or differential systems are usually investigated
numerically due to the difficulty of analytical study, as the latter can sometimes be impossible.
With the help of fresh concepts and methodologies, the methodology used in averaging theory
can be expanded to investigate the periodic orbits of many other Hamiltonian systems using
new ideas and methods. Our main results are the following.

Theorem 1. Foru sufficiently small, a;, # 0 withk € N* and for eachh € R the Liénard

differential systems (2) have at most E] periodic orbits.

Here [-] denotes the integer part function.

2. The averaging theory of first order

In this section, we summarize the key results from the first-order averaging theory to
compute periodic orbits, which will be used to prove Theorem 1. The proofs for the following
results can be found in Theorems 11.5 and 11.6 of Verhulst's book [9], with further
improvements in [2] and [6]. Further information on the general theory of averaging may be
found in the monograph [8].

We consider the differential equation

X = pF(t, x) + p2G(t, x, W), with x(0) = x, (5)
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where 1 is a small parameter, x € Q < R™ is an open subset and t € R*T. We assume that the
functions F(x, t) and G (t, x,n) are periodic in t of period T.

Now, we consider the averaged differential equation associated with Eq. (5)
y = uf (), with y(0) = x,, (6)
where y € Q. As usual, we denote the first-order averaged function by f (y), defined as
1T
fO) =3, F(t.y)dt (7)
Theorem 2. For the Eq. (5) and (6), we make the following assumptions:

) F is a C? function and is bounded by a constant independent of u in
[0, ) X U for all u € (0, uol.

(i1) F and G are T-periodic in t, where T is independent of .

(111) The solution y(t) of Eq. (6) belongs to U for all t in the interval [O, %]

If p is an equilibrium point of the Eq. (6), where

(@) <o

there exists a T-periodic solution x(t, ) of Eq. (5) such that x(t, u) - p as u - 0.

3. Proof of Theorem 1
It is evident that the Hamiltonian system's (3) only equilibrium point is the origin
(0,0,0,0). The characteristic polynomial p(A1) for the linearized of Hamiltonian system (3) at
the origin is

p(A) =2A*+ (2 —-p®)A* +1,

and its four eigenvalues are given by

7

S T
2 2

By direct computing, we obtain the matrix of the linear part of the system (3) at the origin
(0,0,0,0) as follows

0 0 0 1
0 —u 1 0
0 -1 0 0
-1 0 0 u

and its real Jordan normal form is
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With respect to Hamiltonian system (3), we perform a linear transformation

X = JfPX+§K
px =0,
y = —@Z+§U,
py =Y,

where p is a small parameter. By expressing the Hamiltonian system (3) in new variables
(X,Y,Z,U), we get the following new system

=;_ _ 42 Y
ZW( (4 — )Y + 4 — i2x
_2 k
F2u2 YT a ( Y 2”X+§Y> Y),
Y=—V42"‘2X+§Y

k

[4—12
+i Xk=1 ak<—%X+§Y) Y,
Z'=__V4_”2U_§Z

2
k
—2
¥ @i (- +EY) 2
k
— 2
YR, ak<— 42u X+%Y> WU (8)

+ o

2 2
—Lvzy, kak(——v“z“x +§Y)

k-1
ZJ_YUZ" 1kak< V42‘“2X+§Y) ,
U=_V4”Z_EU

2 2

k-1

k-1

_u N 4
> Yoy ka ( . X+5Y) Y\[4 — p2Z
5 — k-1

+ 5Tk kak( V“z” X+§Y) YU.

The Hamiltonian (4) can be rewritten in terms of the new variables (X, Y, Z, U) as follows
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H :YU+<——V4’2‘”2X+§Y>(——V42‘“ZZ+§U)

5 k
—u(l + 3y o (-5 X+ 1Y) > 9)

2

—n2
><<——V42"Z+§U)Y,

In the differential system (8) we change the variables (X, Y, Z,U) to (1,6, s, ¢), where

X=rcos 6
Y=rsin0
Z =scos (6 + ¢),
U =ssin (0 + ¢),

with r > 0 and s > 0. In the new variables, system (8) becomes

7= 2(2 —4YR_. a,(—r cos (8))*(cos (8))?
+4N%_q ax(=r cos (0))F)u + 0 (u?)
6 =1+ cos (8)sin (0) X}_, ax(—r cos (8))*u + 0(u?)

s = 7005 (@) (—cos (0) + 2sin (6 + ¢)

X (XR=q agk(=r cos (8))¥sin (8)cos (6 + ¢)) (10)
—2¥R=1 a (=7 cos (6))*(cos (6 + $))?cos (6) )u + O (u?)
$ = g5 (—(cos (8))?sin (8) Ty ax(—r cos (0))"
+sin (6 + ¢) XR-; ayx(—7 cos (8))*cos (6 + ¢)cos (6)
+(cos (8 + )2 Xi-1 ark(—r cos (8))*sin (8))u + O(u?)

In the new variables (7, 8, s, ¢) the first integral H given in (9) rewritten as follows
H =rsin (0)s sin (0 + ¢) + (—1/2@1’ cos (8) +1/2ur sin (9))
x (=1/2y4 = s cos (0 + ¢) + 1/2u s sin (6 + )
—u (1 + iy @ (=1/2/& = pi2r cos (6) + 1/2u7 sin (e))k)
x (=1/2/4 =125 cos (8 + ¢) + 1/2u s sin (6 + ¢) ) 7 sin (6)

(11)

Next, by taking 6 as the new variable for time, the differential system (10) can be
expressed in the following form.
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Z_(: =r'= 5(2 — 4 Y%, ay(—r cos (8))*(cos (8))?

+43Ry a(—r cos () )i+ O(u?)

Z—Z= s' = #S(e)(—cos (8) + 2sin (6 + ¢)
X (Xr_q agk(—r cos (8))¥sin (8)cos (6 + ¢)) (12)

—23¥R_1 ax(—r cos (8))*(cos (6 + ¢))%cos (8))u + O(u?)
% =¢ = cosl(g) (—(cos (6))?sin (6) Y=y ax(—r cos (6))*
+sin (8 4+ ¢) X2, ai (=7 cos (8))¥cos (8 + ¢p)cos ()

+(cos (6 + $))? L=y axk(—7 cos (6))*sin (6))u + 0(u?)

From the first integral H in the new variables (1,0, s, ¢) (11) and H = h, we get

h
¢ = arccos (E) (13)
Substituting ¢ into differential system (12) gives that

r'=2(2- 430 (=1)ka.rk(cos (6))F+2
+4 37 (=D¥ar*(cos () )u +0w?),
= uFll(G,r,s) + 0(#2):

r S _ . E
S = 2es @ ( cos (0) + 2 sin (9 + arccos (rs)>

* < k=1 (=D akr’(cos (8))*sin (8)cos (9 + arccos (ﬁ))) .

—23"_ (=Dka,r*(cos (8))* (cos (9 + arccos (rh—s>))2 cos (9));1

+0(u?),
= uF1,(0,1,5) + 0(u?).

The differential system (14) has been written into the standard form (5) to apply the
averaging theory. Here using the notation of Theorem 2, the following should be considered

x=y=(rs),t=0,T=2n
_ (F11(0,1ms) _ (f11(rs)
F(t,x) = (F1z(9m$))’f () = (f1z(r.5))’

and we have
fir(rs) =2(2= 280, (~DFaur [;" (cos (6))<+?d0
+23R (D [T (cos (6))4d0)

=2(2- 250 (D et (@, - @)
=p(r)

and
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N

Fi2(9) = = o 5 (—cos (6) + sin (26 + 2 arccos (1))
x (Xiz1 (=D¥aikrk(cos (8))¥sin (6))

=2¥r_, (—D¥a,r*(cos (8))* (cos (9 + arccos (T—hs)))z cos (9)) do,

After simplifying the function f;, (, s), it becomes as follows

h
rs

fia(r,s) = —ﬁ(l ~2%%, @k DDFaur* (2) [ (cos (0)) a6

k even

h
rs

+43=z (k+ D(=DFar® ( )2 JET (cos (8))k+2d0

k even

+23% = (—Dkapr® [ (cos (0))*(k + 1)d6

k even

~23"%, (k+ D(=DFapr* [I (cos (9))"+2d9>,

k even

h 2
=—ﬁ<1‘22"k22 2k + D(DFapr* (%) a

k even

T4, (k+ D(=DFaprt ()
k=2 (k+ 1D(—1D)%ayr ) Qk+2

k even

+2 an=2 (k + 1)(—1)kak7'k0(k

k even

—2¥"%=2 (k+ 1)(—1)kak7’k“k+z> )

k even

Now, we rely on the following integration

@ = { JET (cos (8))kd0 # 0 ifkis even,
0 if k is odd.

It is easy to verify that the polynomial p(r) has at most E] positive roots. For these roots,

the function f;,(r,s) accepts at most one positive root for the variable s. Moreover, if the
determinant of the Jacobian matrix (7) for our differential system (14) is non-zero at these roots,

then by Theorem 2, for u sufficiently small, and for each h € R, there can be at most E]
periodic orbits. Thus, we can conclude that for u sufficiently small, if a;, # 0 for k € N* and

n

for each h € R the Liénard differential systems (2) have at most [2] periodic orbits.
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