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ABSTRACT. In this paper, we study the sequence (f(pn))n>1, where pp is the
nth prime number and f is a function of a class of slowly increasing functions
including f(x) = log, 2" and f(z) = log,(xlogz)”, where b > 2 is an integer and
r > 0 is a real number. We give upper bounds of the discrepancy D}k\ri (f(pn),9)
for a distribution function g and a sub-sequence (N;);>1 of the natural numbers.
Especially for f(z) = log, =", we obtain the effective results for an upper bound

of DY, (f(pn), 0)-

Communicated by Werner Georg Nowak

1. Introduction

In [8], we gave some results about the first digit problem in base b > 2 for
the sequence (n"),>1 and for the sequence (p},),>1, where p,, is the nth prime
number and r > 0 is a real number. In this paper, we generalize and sharpen
them.

Throughout this paper, for z € R, let

2] =max{ne€Z:n<z}, [z]=min{neZ:z<n}, {z}=z-|z,

let c¢g denote the characteristic function of the set £ C R, and let 7(z) be the
number of primes not exceeding .
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Let (yn)n>1 be a sequence of real numbers. If there exists a strictly increasing
sequence of positive integers (N;);>1 such that

N
-
zlggo N, 2—1 co,2)({yn}) = g(x) for every = €10,1],

then g is called a distribution functions (d.f.) mod 1 of (yy,)n>1. Let G(y,, mod 1)
be the set of all d.f.’s of (yn)n>1 (see [12]). If G(y, mod 1) = {g(x) = x}, then
the sequence (y,)n>1 is said to be uniformly distributed modl (abbreviating
u.d.mod1).

Suppose that g is a non-decreasing function on [0, 1] with g(0) =0, g(1) = 1.
Then the extremal discrepancy Dy (yn,g) and the star discrepancy Dy (yn, g)
of (yn)n>1 with respect to g are defined by

1 N
DN (yn,g) = S ; Cla,p){yn}) — (9(B) — g(a))‘
and . N
Divlm9) = 5w |5 D cpo{um}) —9(2)),

respectively (see [12, 1.10.1]). If g(x) = = for 0 < z < 1, then g is omitted in
Dy (yn, 9) or D (yn; 9)-

Let b > 2 be an integer considered as a base for the development of a real
number > 0 and My(z) be the mantissa of 2 defined by z = M,(z) x v"*®)
such that 1 < My(x) < b holds, where n(z) is a uniquely determined integer.
Let D = dyds - --ds be a positive integer expressed in the base b, that is

D=db '+ dob* 24 4+ ds_1b+ds,

where d; # 0 and at the same time D = didy---ds is considered as an
s-consecutive block of digits in the base b. Note that for z of the type
x=0.00---0dydg---ds---, dp > 0, we have My(z) = dy.dy---ds--- and the
first zero digits are omitted. Thus a positive real number x has the first s-digits,
starting a non-zero digit, that equal to D = dids - - - ds if and only if

%:dldzdSSMb($)<d1d2(d5+1):% (1)

Let (z,) be a sequence of positive number, and let F(D,s, N, z,) be the

number of integers 1 < n < N such that the leading block of s digits (beginning

with # 0) of z, equals D. The sequence (z,)n,>1 is said to satisfy Benford’s

law (abbreviated by B.L.) in base b, if for every s = 1,2,... and every s-digits
integer D = dyds - - - dg
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(see [3]). Since log, My(x) = {log,x} by (), the leading block of s digits
(beginning with # 0) of z,, equals D if and only if
D D+1
log,, (bs——1> < {logy, x,, } < log, <bs——1> .

Hence, the sequence (x,),>1 satisfies Benford’s law if and only if (log, 1, )n>1
is uniformly distributed mod1 (see [3], [9]).
If g € G(log, z,, mod 1) and
1
JAm e Zl cto.2) ({logy 7 }) = g()

for z € [0, 1], then for every s-digits integer D = dydy---ds, s=1,2,...,

. F(D,s,N;,zp) D+1 D
S L) e

(see [9], [{]).

For » > 0, the sequence (n"),>1 and (p}),>1 do not satisfy Benford’s
law, that is, the sequence (log,n"),>1 and (log, p}),>1 are not u.d. mod1l.
Eliahou,Massé, and Schneider [4] showed that for a positive integer
r, the discrepancy of the sequence (y,) = (log;on")n>1, (logig(nlogn)"),>1, or
(10g10 P}y )n>1 satisfies Dy (yn) = O(r~1) with ¢(r) = [e"|. Thus, when r — oo,
these sequences satisfy Benford’s law in a sense.

It is also known that

G(log,n" mod 1) = G(log, p;, mod 1) = {g,(2);0 < w < 1},

where by 805y 1
1 br — min(b7, b+ ) —
wl) =1 g 0<z<1),
guw (@) et = 0<z<1)
and if lim;, o {log, ply, } = w, then for x € [0, 1]
1 &
Jim > oy ({logy p}}) = gu(2)

v n=1

(see [13], [6], [12, 2.12.1], and [7]), and so

Aim N, (10gb <bs——1>> = Juw (10gb <bs——1>> : (2)

21



YUKIO OHKUBO — OTO STRAUCH

As examples of N; and w, in [§] we gave the following:
eif 0 <w < 1and N; = m(b™="), then lim,_,o{log, PN} = w,

e if N; = m(bv), then lim;_, . {log, Py, =1
In [], for rate of convergence of (2] we also proved that

F(DasaNiap;,)i(sti_ll);_(bsL—l); <c < 1 > 3)
= 7" \logpn, )’

N; br —1
for N; = w(b%), t=1,2,... and a constant Cjp, > 0 depending on b and r.

In this paper, to refine (@), we consider a generalized sequence (f(pn))n>1,
where f is a function of a class of slowly increasing functions including

f(x) =logyz" and f(x)=log,(xzlogz)"
Since

F(D,s,N,z,) D+1 D
— N \Y IOgbbS—_l -9 IOgbbs—_l

an upper bound of D3} (log, x,,g) is the rate of convergence of

i

S 2D*N(10gb xnag)a

F(D7S7Ni7mn)
N; :

Especially, we obtain an effective result for an upper bound of D} (log, pl, ).

2. Preliminaries

To characterize the class of slowly increasing functions, we need some defini-
tions and results concerning regular variation.

DEFINITION 1 (2], p.18). A function f is said to be regularly varying of index
p if it is real-valued, positive and measurable on [tg, o) for some to > 0, and if

At
lim FX) =X (YA >0)
RS0
for some real number p. Then we write f € R,. If f € Ry, then f is said to be
slowly varying.

LEMMA 1 ([2], Theorem 1.3.1). The function ¢ is slowly varying if and only if
it may be written in the form

U(z) = c(z) exp { / me(u)du/u} (x> a)

for some a > 0, where c(x) is measurable and c(x) — ¢ € (0,00), e(z) — 0 as
T — 00.
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LEMMA 2. If a function f is positive, strictly increasing, differentiable on [to, 00)
for some tg > 0, and satisfies

i )

im

)
then f € R, and fte Ry/p.

=p#0,

Proof. Let (t) =t " f(t) for t > to. Then we have
tl'(t tf'(t
IO

=Ty =t
Since

/t #du = /t Z((;L)) du = /t (logﬂ(u))/du =log {(t) — log £(ty),

0(t) = Llto) exp < /t t #cm) .

From Lemma [I] it follows that £(t) is slowly varying. Hence f(t) = tPl(t) is
regularly varying of index p, ie., f € R,,.
Let h(t) = log f(e'). Then

f’(et)et B {pe(p_l)tf(et) +ept€/(et)}et - 6t5/(6t)

—0 (t— o00). (4)

we have

MO =5y e =Pt ey e
Therefore by {) we have
R(t)—=p (t— 00).
Hence e 1 1
(h )(t):m%; (t — 00). (5)
Since h=1(t) = log f~1(et), we have
f7H(t) = exp(h ™' (logt)).
Hence
S7HA)  exp(h~!(log X + logt))
f71t)  exp(h~(logt))
=exp{h ' (log\ +logt) — h *(logt)}
= exp{(log \) (k™)' (&)},
where logt < & < logt + log \. By this and ({)) we have
P00 () v o)
Thus f~! € Ryjp. O
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LEMMA 3 (Uniform Convergence Theorem: [2], [I1] ). If f € R,, then for every
[a,b] with 0 < a <b< oo
At
tllglo % = XN uniformly in \ € [a,b].
LEMMA 4. If a real-valued function f is strictly increasing and differentiable on
[to,00) for some tg > 0, and satisfies limy_,oo tf'(t) = p > 0, then for —oo <
a<b<oo

—1
sup @ —e"P 50 (t— o0).
z€a,b] f (t)
Proof. Let g(t) = exp(f(t)). From the assumption,
tg'(t)

=tf'(t) > p (t— 00).

g(t)
By Lemma 2 we have g=' € Ry,. Since g~ '(y) = f~*(logy), Lemma Bl implies
for [a/,b'] with 0 < @’ < ¥ < 0

f~1(log(Ay)) _ \U/p

I iformly in X € [a', ],

Jm T llogy) uniformly in [a",b']
and so Y )

. fTt+ x
Ay e /P (t = o0)
uniformly for x € [a,b] (—o00 < a < b < 00), that is,
sup wfe”/” =0 (t— 00). O
z€Ja,b] f (t)

LEMMA 5. If a real-valued function f is strictly increasing, differentiable
on [tg,00), and satisfies limy_,oo tf'(t) = p > 0, then for —co < a <b < o0

B(t+x)

_ oz/p
Bt ©

sup
z€[a,b]

=0 (t— 0),

where B(t) = %.

f(t)

Proof. Since lim;_, o = limy o0 tf'(t) = p, we have lim;_, o, f(t) = 0o, and

logt
s0 lim;_, oo f1(t) = co. By Lemma Hl we have
[ () fr(t41)
log f~1(t) — 1 log == log =
og /(1) 1‘_ IO PO L0 (15 o0)

log f~1(t+x)—1 ST logf=1(t+z)—1 " logf~1(t) — 1

fort>0and 0 <z <1.
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Therefore,
A R R o o e e e
< o0, (e [ et ) o [P e
< et o [ e
S0 (t— o). .

3. Estimate of discrepancy of (f(p,))

In [8], we obtained an upper bound of D% (log,(ph),gw) for w € [0,1].
In slightly different fashion from [§], we have the following estimate of

Dy (f(pn), gw) for w € [0,1], where f is a strictly increasing continuous function
on [X, 00) for some X > 0.

THEOREM 1. Suppose that f is a strictly increasing continuous function on
[Drmt1,00) for some integer m > 0, ko is an integer satisfying f~'(ko) >
max(pm+1,€), and ¥ is an increasing positive function on [0, 1] with ¢ (0) = 1.

Let
f (=)

B(x) = Tog F1(z) =1 Ky =|f(pn)], and wnx={f(pn)}.

Then for 0 < w <1 the sequence (f(pm+n)) n=1,2,... satisfies

. 2 X! B(k + )
Dy (f(pm-‘rn)’gw) < N k_zko B(k‘) xZL[l()I?” Tk) - 1&(9{:)‘
B(Ky) B(Ky + )
+ (¥(1) +1) NN o % - w@:)]
+ (wmw 1) fotw) - vwn)| + 25
RS Y(1)B(Kn)
( Z+ logf k))3> +0 (N(log f‘l(KN))2>

o) o ().
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where
Y(x) —1 | min(y(z),P(w)) -1
gu(z) = <><1>_1+ o) (0<z<1).
Proof. Set
Fn(z) = #Hl<n< N {J;\([pern)} €0.2)} for x€[0,1].
Then, for 0 <z <1
Py = #LEn SN = )} € 0.0)
#{N_m+1 S n S N;{f<pm+n)} € [07x)}
N
Kn—1
N,z: A(k +2) — A(k))
k=kq
min(A(Ky +2), A(Ky +wy)) — A(Kn)  O(f (ko) +m)
+ ~ + NO . (6)
where
. Aly) =#{1<n <N : f(pmin) <y} for y> f(pms1)

O(f (ko) +m) < f~ (ko) +m.
Then, for y > f(pmt1)
A(y) == (f(y)) —m+O(1).

Since -

1 T
@)= [ g0+ 0 (o)
(see [5]) and that

1 T T
dt = Ol ——=
/2 logt logx — 1 + <(logx)3> ’

Therefore, for y > f(pm+1)

A(k+x) = A(k) = B(k + ) — B(k) + O <(1ogf ;—S?ktl)l))?’) )

we have

and so,

for k> kopand 0 <x <1.
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Since B(x) and f~!(x)/(log f~*(z ) are non-decreasing, by (@) and (8) we have
min(A(Ky + ), A(Ky + wy)) =
min(B(KN—I—x) (KN+wN))+O<

Hence, by (@) and (8) we have

fHEN+1) )
(log f~H(Kn +1))3 /)

Hlln(B(KN—l—l‘), B(KN—l—U}N))—B(KN)
N

1 Kntl f‘l(k) O(f_l(k ) 4+ m)
0 (N 2 10gf‘1(k))3> t=—y O

We can express the first term in the right-hand side of (@) as
Kn—
ki (B(k+2) = B(k) B(Ky) - B(ko)
Kan—
W (B(k+1) — B(k)) N

and the second term as

(mm<B(KN +2) B(Ky+ wN)> - 1) B(Ky)
B(Ky) B(Ky) N

+

)

Hence we have for z € [0, 1]

FN('T) —gw(l‘) <10)
Yk B+ @)~ B(k) B(Ky) - B(ko) w()—1 1
w1 (B(k+1) — B(k)) N (1) -1 P(w)
. (min(B(é(N + x)’ B(Ky + wN)> - 1) B(Ky) min((z),¥(w)) — 1
(Kn) B(Ky) N Y(w)

i Ky+1 f—l(k,) O(f_l(k0)+m)
o (N 2 1ogf—1(k>>3> TN

:< ik (Blk+2) = B(k) 4
e 1( <k+ 1) - Bk) ¥

( qﬁ(llv)) :Zg -
(ml KN—l—x 7 (KN—I—wN))
B(Kn)

. (12)

+

- min(w),w(w))) X (13)

27



YUKIO OHKUBO — OTO STRAUCH

LN ((min((), d(w) - 1
(v B(KN)>< S ow) ) )

B(Kn)

Ky+1 —1 -1
+O<i ' _rm >+O(f (ko) +m)

Z1(%))3
N i log f=1(k)) N

In order to estimate (II), we set
j—1 Jj—1

Si=> (Blk+x)—B(k), T;=> (B(k+1)—-B(k)

k=ko k=kq

for j > ko +1, Sk, =Tk, =0, and U = zg;j Then we have, successively,

S (Bl +2) = BM) g1 Sky
S Bh+1) - Bk) 1) -1 Tiy

| Ko U Kvzl
=7 D Sk =S) == Y (Tey1 —T)
KN 1Tk KN 3=k
Kn—1
1 Sk+1 — Sk )
- Torr — T, U
Tk k_ko( et~ Th) (Tk+1 Ty,

1 S B(k+x)— B(k) ¢(z) -1
:B(K)iB(ko)x Z(B(k+1)B(k))<B(k+ — — )

k=ko

Then, we obtain

Kn—1
1

(@ <% > (Blk+1) - B(k)) ’B(’fﬂ)—B(/ﬂ) _Y(@) ~ 1‘

k=ko

Kny—1

1 B Up(2) =1 (o)~ 1
N g‘o (B+1) = B0) | D=1~ w1 = 1’
1 Kny—1
<= Y (BU:+1) - B())
k=ko
’ (Th(x) = (@) (1) = 1) = (Te(1) — (1)) ((1) — 1) ‘
(Tr(1) — 1)(1h(1) — 1)
1" Bk +1) - B(k)
SN P T O (1Tg(x) = ()| + [ (1) — (1))
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2 N
— (k) sup |Wg(z)—(x)], 15
<N Zk )xem]l k(@) =9 ()| (15)
where Wy (z) = ng(:)x).
Every second factor in (I2), (I3) and (I4) is bonded. In fact, for ([I2)
Yx) — 1
0< <1 forzel0,1]. 16
Since
fH (KN +wn)
N=A(K 1=B(K 1, (1
(Kn+wn)+m+1=B( N+wN)+O<(logf_1<KN+wN))3 +m+1, (17)
we have N
- = N 1
B(KN) \PKN(U}N) +R( )7 ( 8)
where

B | (m + 1) log £~ () N
R(N)‘O(Uogf-l(m))z)w( ) )ﬁo (N = co)

(19)
By (I4]), we have

NI ‘+ R ‘+B(k0)
N B(%N) 1/1(101\7) 1/’(“’1\7) 1/’(“’) N
_ 1 a ‘+ [Y(w) = p(wn)| | Blko)

Vgy(wn) + R(N)  Y(wn) P(wn)Y(w) N

[Y(wy) = Yy (wn)| + R(N) B(ko)
S ) (T () + RV TP =0l =g
<N () — Wiy ()| + B)) + o) — )+ 200
<IN up () Wiy )]+ () — ()] + 20

z€[0,1]
S H(KN)
"o <N<logf—1<KN>>2<1ogf—l<KN> = 1>>
log £~ (K )
"o <N<logf—1<KN> - 1>> | (20)
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We can rewrite ([I3]) to the form

(KN) B(KN —l—l‘) B(KN —|—UJN)
= ((mm< B(Ky) ' B(Kx)

)min(w),w(wm n

).

If © < wy, then B(Ky + x) < B(Ky + wy), then ¢ (z) < ¢(wy) and then

min (¢(x), ¢ (wy)) — min (4 (x), 1 (w))

. B(Kn +2) B(Kn +wn) . .
1n( BKy) © BKn) )mln(@[)(x),w(wN)) =

Wiy () = ()] < Zt[tpl] Wk () = ()]

If 2 < wy and z < w, then min(¢(x), ¥ (wy)) — min(¢(z),¥(w)) = 0.
If w <2 <wy, then |min(¢)(m),d}(w1\;)) — min(z/;(x),w(w))\ = [Y(x) —Y(w)| <

[t (wy) — P (w)|. Similarly, in all other cases. Thus we have

(@3] < <KN) ( Zt[tpl]l‘l’m(w) — (@) + [¢(wn) w(w)l> - (2D

By ([9) we obtain

B(Ky) N
(@] < =5 (1) - 1) (|w<w> = w(wn)|+ [ (wx) - m\)
= B(ﬁm (1)~ )(Iw( ) = (wn)| + [ (wn) - WKNWN)HR(N))
< B(K“(zzz(l)l)(lww) —lwy)|+ sup Wiy (@) — ()] +

N z€[0,1]

o <(logf‘1(KN))2> "o ( ey >>
< ()~ 1) () — )]+ s W ) — ) )
z€[0,1]

(1) — 1)f~ (K )
"o <N(logf—1<KN>>2<1ogf—l<KN> = 1))

(1) — 1) log /=1 (Ky)
+O< N(log /—1(Kn) — 1) > (22)
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Combining (I0), (I3), @0), 1)), and 22), we have

[Fw (2) = gu(z)]
EKN_l su T)— YT L(KN) su T)— YT
<% k; Bk) swp [Wi() — ()| + =5 swp [Wicy (7) ~ ()

B fH(KN)
N ¢ (N(log (R (log f1(Kn) 1))

log /L (K x)
"o (N(logf—1<KN> - 1))
B(Ky) (

+

~ sup [V (z) —¥(2)| + [Y(wy) — 1/’(“’))

z€([0,1]

+ (e -1 2D (w )~ plwn)| + sup [y (@ >w<x>>

z€[0,1]

(6(1) — 1)f 1 (K) (1) — 1) log 1 ()
o (N(logf—1<KN>>2<logf—1<KN> = 1>> "o < Nlog f 1 (Kn) — 1) )

1R ) [ (ko) +m
+O(N,c_,czoﬂ<logf—1<ic>>3>*O< )

2" (Kn)

< 2Bk Ba(e) o) (v ) PG

sup [V (2) —¢(z)|

z€[0,1] z€[0,1]
+ (wu)B(ﬁN) 1) o) - vl + 20
W(1)B(Ky) R S S ()
+O (g i) +© (N 2 <1ogf—1<k>>3>

ro () o (S i o)

This proves the theorem. O

From Theorem [Tl we deduce the following corollaries.
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COROLLARY 1. Suppose f is a strictly increasing differentiable function on
[Pm41,00) for some integer m > 0, and satisfies

. 7 o
Jim tf'(t)=p>0. (23)
Let 0 <w <1 and N; =m(f~*(i+w)). Then
lim {f(pn,)} = w
71— 00

and
hm DN; (f(an+n)7g’lU) - 07
11— 00
where N e w
1 er—1 min(er,er)—1
gulz) = 2 ( ‘ ) 0<z<1)
er er — 1 er

Proof. Let 0 <w < 1, Ky, = | f(pn,)], wn, = {f(pn,)}. By the prime number
theorem, we have

m(fTH i+ w)) -7 (f(D)

S e Ch ) B i O _fMitw)

Clog fl(i+w)  log f1(4) +0 (log2 f‘l(i+w)>

_ fTHitw) ) log fTNE 4 w) 1

log fH(i+w) {1 [l +w) log f=1(3) +O<]ng—1(i+w)>}- (24)

By the assumption, we obtain

S i+ w)

. 1 . . .
:EILH;O f (x) = o0, and so 7,ll>I£o m =0
By Lemma 4] we have lim; f;l,(ifz;;“) =e» > 1. Hence

_log fMiw) fH i+ w) _
B Tlog 1w <1ogf‘1(i) 8 1) > ti=L 3
Therefore, (24]) and (25) yield
lim 7(f~'(i+w)) —w(f(i)) = .

i—>00
Hence, there exists ig such that 7(f~'(i + w)) — «(f~1(i)) > 1 for i > 4.
Thus, for i > ig
f_l(i) <pn, < f_l(i + w) <PN;41, SO 1< f(pNz) <ttw< f(pNH-l)v

and so
Ky, = [f(pn,)] = i. (26)
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Successively, we obtain
WN; :{f(pNi)} = f(pNi) —i<w,
w >WN,; = WN; 7w+w:f(pN1) 7(7’+w)+w > f(pNi)if(pNH‘l)‘Fw’
0<w— WN; < f(pNH‘l) - f(pNz) (27)

It is shown that Prt1—pn = O (p)) (28)

for some 0 < 0 < 1, namely, p,11 — pp = O(P2°?%) due to R.C.Baker,
G.Harman and J. Pintz [I]. Hence, by the assumption (23))
Foner) = fon) = (v — o) (€ = 0% 1), Py <€ < P,

Therefore, b we have
y @D wn, = w (i — 00). (29)

Applying Theorem [l with (z) = e#, we have
D}k\h (f(pm-i-n)a gw)

2 Blk+z) - L B(i) B(i+z) =
= B(k) sup |—5+— —er|+ (er +1 sup |————— —er
Ni = ( )mG[O,l] B(k) ( ) Ni zepy|  B()
(B BO L o |, Bl (1 i £ (k)
er er —e » — LA A
N; N; Ni, 4= (log f~1(k))?
=FRo

ev B(i) O(f (ko +m)) ev log f1(i)
o (m(logf—l(z'w) A R (M(logf—l(i) - 1)) -0

We note that

i—1 i—1
B(k —er|=— B(k+1)— B(k
% 2 80| P = | = 3 3 (80 1) - 506
=ko =ko
B(k+z z
SUP,e(0,1] ‘ B(-I"c_) L—e?
B+l _ 4 (31)
Bk
By Lemma [Bl we have B(k + ) .
lim sup | ————— —er| =0.
k—=oo ze0,1] B(k)
Combining this with limg_, Bgc(z)l) =¢(1) = er > 1, we get
B(k+z z
lim € ”‘ "~ 0 32
el B+ (32)
B(k)
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By Lemma [l and [29) we have
B(Kn, twn,) 2N

e N ev| < Pl Lle ™ —ew
B(KN +.’L’) x WN; w .
< sup |———————¢€er|+|ler —er| =0 17— 00),
02s21| B(Kn,) ( )
so we have ( )
. B(Kn, +wn;, w
N (33)
Therefore, by (I8) and (I9) we have
B(i 1
im B0 _ 1 (34)
71— 00 i er
By 1), (32) and (34), we have
i—1
. 1 x
le>rrolo A ZB(k) sup |Pi(x) —er| =0.
0 z€[0,1]
1 it D) .
Lastly, we show that £-3> 7,5, Toa—ttE — 0- By Cauchy-Stolz lemma, it
suffices to prove that
. (log f1(i+1))* (N; — Ni—1)
1 = 00. 35
et Fii+1) > (35)
By ([I7) we have
N;— N,y =B(i+wyn,) — B(i— 1+ wn )+O< S+ wn) > (36)
i i— i i—1 (logf_l(i + wNi))S :
Since

fHi+wn,)(log f7Hi —1+wy, ) —1)
— i =14 wn,_,)(log f71 (i + wn,) — 1)
f7Hi—1+wn,_,)
[+ wn,)

+ {f_l(z+wN1) 7f_1(i -1 +wN1‘,—1)} {logf_l(z+wN1) - 1}

= f_l(i+wNi)log

f_l(i -1+ wNi—l)
f_1<i+wNi)
we obtain 1.
_ - f (1—1-‘1—’[1) .,j_l)
F710) logW
(log f=1(i) — )(log f~1(i +1) = 1)

> f71(i)log

)

B<i+w1\7¢) _B(i_ 1+wN1'71) >
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Therefore,

(log f~(i))*(B(i + wn,) — B(i — 1+ wy, ,))
f=H@)

1y F i-1+wn, )
(log £~ (1))* log =rgrpay

= Qlog /() — Dlog /(i + 1) — 1)
> (log /= 0) — 1 e

T 1 Tos/ (1D 1
o2 f 1) a1 — e T

1

By Lemma @] and (29), we have

. [T+ wn,
tim T2 — ), (39)
SO
71(7;— wNi—l)
-1y, et (w)

1 ,
— = T Twn) — = (i = 00).
RS T e 9

(39)
From 25), (37), and ([39), it follows that
 (log f1(@))*(B(i + wy,) = Bli — 1 +wn,_,)) _
Lo, 1) - (40
By (25) and (B8]) we have
tim 0870 (a1)

imoo log f1(i +wy,)
Hence, by [B4)), (0), and (@Il we have
(log f1(#))*(Ni — Ni—1) _
f=)
(og fTH(@)*(B(i+ ww,) = B(i — 1+ wy,.\))
f=H@)

[Mitwn) (oSN N L
O( 70 <10gf‘1(i+wzvi)>>%

as i —o0o0. (42)
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From ({2]),
lim f71()/f*(i+1)=1/et/?, and lim log f~1(i +1)/log f(i) =1,
1—00 1—00

we arrive at (B5]). Consequently, the right hand side of ([BU) tends to 0 as i — oco.

Thus lim; o0 D}k\,i(f(pern) mod 1, g,,) = 0. O
COROLLARY 2. Letr >0,0<w <1, let N; = W(bitw ),i=1,2,..., and let
1 b* —1  min(b7,b7) —1
w = Tw T 1 w 0<z<1).
gula) = o+ BROTTD =L g <p s
Then we have
logb 1 .
DA, g, ) < 6} log) (2-+ 0% + 120 ) R
"/ (logpy, — (1 +7)logh)
brr 1 log p,
+Ch + b logb 11 3
log b (logpn, — (1 + 1) logb)
b2 2 logpn,
Co | b7 b~ 1,
* 2< +210gb—1> Tp}v—.e

(log pw,)* +log pu, log log pw,

+ Cgb%T
pw,(rlogpn; —r —logh) (43)

where N; > 6 fori=1,2,... and C; is a constant for j =1,2,3.
Proof. Applying Theorem [ and Corollary [0 with

o f(t) =log,t" fort >1,

o m =0,

o ko = [2r],

o f7L(t)= br for t > 0,

o p— llmt—>oo tf/(t) = @’

o (x)=0b",
® B(l‘) = mlggz—r’
o N; =m(b"),

o Ky, = |rlog,pn,] =14 by @0), wx, = {rlog,pn,},
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we have

. - 2r b
DNi(logbpnag’w) < ﬁ Z

k—r
top<<i—1 z€[0,1]

- k—r
br{ ——1
(k:—l—x—r >’
€T 7:
br +1
() (5 )
b2+% o 3 % bitl
T Rlogb— 1N, ((logb)w ) < )

2 +1<k<z+1 (log b)2i2(i — 7)N;
b2te b+ (log b)i
O of ——=2"1"
- < N; )* ( <zlogbr>>

(br + 1)rb+
——F—— sup
(i —7)N; z€[0,1]

w N .
br —b

(44)
Since )
z k—r br
sup |br | —— —1]| < 45
me[Opl] (k+1'7“ )‘ k—r 45)
and that ( )2 is increasing for x > 2r, we have
b+ e [ k- L [T bE
Z sup |br (77' - 1>’ < b?/ —dz.
or<h<i—1 | =€[0,1] k+x—r o (2 —7)
Using the integration by parts, we have
by b L
dx < 2 d
/27« =2 = Togh)i—r)? ' “logh / (@

- rbr
~ (logb)(i —7)?

) r rbr L3 r /z b q
z
logb | (logb)(i —r)3 logb /g, (x—1)*
rbr n 8r2hr
~ (logh)(i — )2 (logb)2(i — )3’

because (me_—g)él is increasing for x > 2r. Hence

. k—r
br (| —— —1
(k:—l—x—r >’

x

k

S s

2r<k<i " we[0,1]
< L log b + _8r (46)
~ (logb)?(i — r)? 0TI )
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Similarly, we have

k
T

L 4rb™F
g3 =

—_— (47)
3
2r+1<k<it1 (logb)(i +2)
By (Z10), we have for w € [0,1),

2

w

y | o brlogh

<

(f(pNH-l) - f(pNz))

< b% <pN1;+1 pm) . (48)
PN;

By [28) and ({S)), we obtain

b b
o) () @
where 6 = 0.525.

By (&), (@), [@F), (@), and (@), we obtain

WN,

by — b

i

2 1 2 1 br
brr? 4+ (br +br)r ) —————
ogpl T )T> (i — r)2N;
16br13  br

(logb)? (i — r)3N;

i

+ const bir

. 1
+ const b
N27%(log N;)1—? N}!=%(log N;)1-?
e 1

+ 2logh —1 N;

brrt br bt b
_ n
(logb)* i3 N; (logb)? i%(i — r)N;
1 1 )
t 02— t (log b)bT ———r 50
+ cons N + const (logb) Ni(ilogh—1)’ (50)

-+ const

where each “const” means a positive constant. Since

rlog, pn, =t +wn, <i+1,

.
> 1 1. 51
12 jogp 08PN, (51)
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Since

-
log b
prn < n(logn + loglogn)

by J.B.Rosser and L. Schoenfeld [10], we have

1<i+wy, = logpn,

and that
forn>6

1< ﬁ(log N; + log(log N; + loglog N;)),
0g
and so _
br < Ni(log N; 4 loglog N;)

for N; > 6. By (BI), (53), (54), and

nlogn <p, forn>1,
by J.B.Rosser and L. Schoenfeld [10], we have

i

log p,

b~ - log(N; log V;)
(i —7)2Ni  (ggp logpn, —7 —1)°

(157 logpn, —r — 1)

log p,

br log(N; log N;
- og(N;log N;)

(52)

(i—7)3N;i ~ (ggplogpn, —r—1)* (g logpn, —17—1)%
b+ log(N; log N;)
N27(log N;)1=¢ ~ N} =%(log N;)1=¢"
br log(N; log N;) log p,
13 N; (@ log pn, — 1)3 (lo;b logpn, —1)3’
b+ log(N; log V;)

< v
(@ logpw, — 1)2(107? logpn, —7—1)

log p,

< ;
(@ logpn, — 1)2(@ logpn, —7 —1)

r log(V;log(N;log NV;))

z|=

<

logb N;(—=+ logpn, — 7 — 1)

logb

r log pn;,
logb Ni(i555 logpn, — 7 — 1)

1 N logb 1 logb @logpm
w(b%) r br r  plogypn;—3)
pilogpn,

PN;
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Overall, by ([B0), we have

2b7 12 2 1 > logpn,
DYy (logy, p),» gw) < + (br +07)r ~ :
N, (logy Py, guw) ( log b ( ) <logblogpNi —r—1)2

16b7 13 log pn, + const b2 log pn,
nst brr
(log b)2 (lo’éb logpn, — 17 —1)3 p}\rjg

P logpy,

1 1
+ const b ——5 + const 2logb—1 pn,

Pn,

brrt log p,
(logb)* (1557 logpn, —1)?
brr? log p,
(log b)? (557 log pn, — 1)* (g5 logpy, — 17— 1)

-+ const

-+ const

p2+2 Lo,
PN;

(logpn,)? +log pw, loglog py,
pn; (rlogpn, — 7 —logh)

L logh log pu,
< b* (logb) <2 + (b +1)2 > T
"/ (logpy, = (1+ 7)logd)

-+ const

~+ const b%r

2

b~ 1 I )
+ const ( L + b" log b> O8 PN 3
log b (logpN,i -1+ %) log b)

b? ) > logpn,

br
2logh —1 " pa

~+ const (b2 +

(logpn,)? + log pw, loglog pw,

2
+ const brr
pn; (rlogpn, — 7 —logh)

for ]\/vz Z 6.

From Corollary 2] it follows immediately:

COROLLARY 3. Letr >0,0<w <1, let N; = W(bitw), 1=1,2,..., and let
1 b7 —1  min(br,br)—1
w = Tw 71 e OS Sl
Jule) = g o + O<z<)

Then we have looh
1 (0]
lim (logpx,) D, (logy, ;. gu) < b7 (logb) (2 + (b7 + 1)Tg> .
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COROLLARY 4. Let r be a positive integer. Then

rll>nolo TD:,(br) (10gb p:m gl) < 2’

where

b -1

@)= (0<a<y)

Proof. Let r > 3. Put w =1 and i = r? — 1 in Corollary Bl Then N; = m(b").
By ([B2)), we have

1
logpn, > (r — —) log b,

r
and so
T T . 1
logpy, ~ (r—1)logb = logh
as r — 00. From this and Corollary Bl the desired inequality follows. (]
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