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BINARY-TERNARY COLLISIONS AND THE LAST SIGNIFICANT
DIGIT OF n! IN BASE 12

JEAN-MARC DESHOUILLERS, PASCAL JELINEK AND LUKAS SPIEGELHOFER

ABSTRACT. The third-named author recently proved [Israel J. of Math. 258
(2023), 475-502] that there are infinitely many collisions of the base-2 and base-
3 sum-of-digits functions. In other words, the equation

s2(n) = s3(n)

admits infinitely many solutions in natural numbers. We refine this result and
prove that every integer a in {1,2,...,11} appears as the last nonzero digit of n!
in base 12 infinitely often.

Communicated by Yann Bugeaud

1 Introduction

The sequence A136698 of the On-Line Encyclopedia of Integer Sequences [8] provides
the last nonzero digit of the number n! in base 12.

Let us define this notion. Writing a positive integer n in base b (where b > 2 is an
integer) as

n=2%s0 a}b) (n)b/ where a}b)(n) €D, ={01,..,b—1}, (1.1)
its last nonzero digit in base b is defined by
£,(n) = min{j: @ (n) # 0}. (1.2)

A quick glance at the first elements of the above-mentioned sequence reveals that all
the numbers in D;, = {1,2,...,11} occur in the sequence, the numbers 4 and 8 seeming to
occur more frequently.
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Indeed, it was proved by I. Z. Ruzsa and the first-named author in 2011 [5] that the
digits 4 and 8 each occur with asymptotic density 1/2. The next year, the first-named
author showed in [3]| that each of the digits 3, 6 and 9 occurs infinitely often. This latter
paper concludes with two open questions. (1) Do all the numbers from {1,2, ...,10,11} occur
infinitely often in the sequence (£1,(n!)), 7 (2) How often do 3,6 and 9 occur in (£1,(n!))n<n
when N is large? The first aim of this paper is to give answers to these questions.

Theorem 1.1. There exist real numbers 8,n, satisfying 0 < § <n <1, such that for each
integer a in {1,2,3,5,6,7,9,10,11}, we have

NS « card{n < N:£;,(n!) = a} < N™. (1.3)

As we shall explain in Section 3.1, our question is closely connected to the existence
of integers n such that the sums of their digits in bases 2 and 3 are equal. Here the sum of
digits of the integer n in base b is given by

sp(m) =00 (), (14)

where a]gb)(n) is introduced in (1.1). The third-named author [10] has recently proved that
there exist infinitely many integers n such that s,(n) = s3(n). Our proof of Theorem 1.1
relies on an extension of this result.

Theorem 1.2. Let k,¥,a be nonnegative integers. There exists a positive real number B
such that

card{n < N:n = a(mod2¥3?) and s,(n) = s3(n)} » N¥, (1.5)
where the implied constant may depend on k and €, while B is independent of k, ¥, a.

We shall conclude the paper by some consideration on the question of characterizing
integers b such that for any a € {1,2,...,b — 1}, we have £, (n!) = a infinitely often.
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3.1 Valuation and last nonzero digit

Let b be an integer larger than 1 and n a positive integer. We let vy, (n) denote the
largest nonnegative integer such that b divides n, and we write

n = b"»Mn,, where b does not divide n,,. (3.1)

In the case when b is the product of two coprime integers both larger than 1, say
b = by b,, the following lemma gives us the connection between the divisibility of £,(n) by
by and the comparison of vy, (n) and vy, (n).

Lemma 3.1. Let b = b1 b,, where b; and b, are coprime and larger than 1. Then

vp, (M) > vp, (M) & by | £5(0).
Proof. The coprimality of b; and b, implies

Vp,p,(M) = min(vbl(n),vb2 (n)). (3.2)
For any base c, by the definition of £.(n), we have

n = <M (n)(modc?e(M+1), (3.3)

Assume that we have v, (n) > v,,(n). By (3.2), we have v,(n) = v,,(n) and by
(3.3) we thus have

n = b¥p2(M e, (n)(modbh?r2(M+1)
which implies

n = b;"" ¢,(n) (modn, ™).

Vp,(n)+1

1 also divides n, so that we have

But bf b1 (™) divides n and so b

by"* ™ £y (n) = 0 (modby"> ™)
and thus €, (n) = 0(modb,).

Concerning the opposite direction, we assume that b; divides €,(n). From (3.3)

applied with ¢ = b we deduce that n is divisible by bf b (n)+1, therefore

vp, (1) =2 vp(n) + 1 = min(v,, (n), vy, (M) + 1,

which finally implies v, (n) > v, (n).
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In the case when b =12 =4 -3 = 3 - 4, this leads to the following corollary, where
(3.4) and (3.5) follow directly from Lemma 3.1, and (3.6) is an easy consequence of the other
two.

Corollary 3.2. We have

vs(n) > v3(n) & £1,(n) € {48}, (34)
vy(n) < v3(n) & £4,(n) € {3,6,9}, (3.5)
v,(n) = v3(n) & £1,(n) € {1,2,5,7,10,11}. (3.6)

We owe to Legendre a compact formula for the valuation of n! in a prime base p,
namely

__ n=sp(n)
vp(n!) = o1 (3.7)

where the sum of digits function s, is defined in (1.4).

This implies that for a prime power base p® we have

n—sp(n)

prosy (3.8)

‘Upa(‘l’l!) = l
We shall refer to (3.8) as “Legendre’s formula".

In the special case of the base 12, we have

v3(n!) = %3(11) and vy(n!) = l%ml

Noticing that vs(n!) is an integer — which is equivalent to s3(n) = n (mod2) — we
have v3(n!) = vy (n!) if and only if s3(n) is in {s,(n), s,(n) + 1}. Thus, by (3.6), we have

$1,(n) € {1,2,5,7,10,11} & s3(n) € {s,(n),s,(n) + 1}. (3.9)
We can go one step further and show that
?1,(n) € {1,5,7,11} & s3(n) = s,(n) (3.10)
and
£1,(n) € {2,10} & s3(n) =s,(n) + 1. (3.11)
Let us prove it. We first assume that s, (n) = s3(n). By Legendre’s formula, n! can

be written as 3R and 4%S, where R is not divisible by 3 and S is not divisible by 2. This
implies n! = 12%T, where T is not divisible by 2 or 3, therefore £,,(n!) belongs to {1,5,7,11}.
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From this the implication “<” in (3.10) follows. In a similar manner, when s,(n) = s3(n) —
1, we can write n! = 12%T for some T which is divisble by 2, but neither divisible by 4 nor
by 3. Thus #1,(n!) belongs to {2,10}, which implies the implication “<” in (3.11). These two
relations, combined with the equivalence (3.9), imply the equivalences in (3.10) and (3.11).

3.2 Reduction to consecutive blocks

From (3.9), the main result of [10] implies that at least one of the digits 1,2,5,7,10,11
occurs quite often, but it may be difficult to determine the digits occurring sufficiently often.
To show that indeed all of them occur sufficiently often, we shall use a trick introduced in
[3], considering blocks of consecutive integers in which all those values occur.

Proposition 3.3. If n is divisible by 123 and s,(n) = s3(n), then
{1,2,5,7,10,11} c {#1,((n + DD, L12((n + 2)), ..., £12,(n + 10)1)}.
Proof. The statement is a simple consequence of the following claims.

Claim 3.4. We have

(12(AN), 21221, 212 (5D, £12(61), £12(71), €12(10D)) = (1,2,10,5,11,7).
Proof. This is a simple computation; one can also look at the sequence A136698 in [§].

Claim 3.5. If n is divisible by 123 and k is an integer in [1,10], we have

L1o((+ 1) +2) - (n+ k) = 21, (kD). (3.12)

Proof. Since n is divisible by 123, we have

(m+1D(n+2) (n+k)=k!(mod123).
For k < 8, the claim follows from the fact that 8! is not divisible by 123.

For k in {9,10}, we go one step further in the expansion of the product as a
polynomial in n, keeping the first-degree terms in n, i.e.

(n+ D +2) = (n+k) =kt +n (5 + -+ ) (mod12°).

We note that k! is not divisible by 125, but all the terms inside the parentheses in
the RHS are divisible by 122.

Claim 3.6. Let x and y be two integers such that €1,(x) is in {1,5,7,11}. We have
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t12(xy) = 412(0)f12(y) (mod12). (3.13)

Proof. We can write x = 12%(£1,(x) + 12X) and y = 128(£,,(y) + 12Y). Thus, we have
xy = 129801, (x)€1,(y) + 12Z). Since £1,(y) is not zero and £;,(x) is invertible modulo
12, the product €1(x)¥1,(y) is not congruent to 0 modulo 12, and thus congruent to
£1,(xy) modulo 12.

Claim 3.7. The set {1,2,10,5,7,11} of residues modulo 12 is invariant under multiplication
by 1,5, 7 or 11.

Proof. A simple computation shows that we respectively get the sets {1,2,10,5,7,11},
(5,10,2,1,11,7}, {7,2,10,11,1,5} and {11,10,2,7,5,1}.

Let n satisfy the conditions of Proposition 3.3, and suppose that k € {1,2,5,6,7,10}.
By (3.10), #12(n!) is in {1,5,7,11}. By Claim 3.6, we have £1,((n + k)!) = £1,(n)€,((n +
Dn+2)-(n+k))(mod12). Claim 3.5 implies £15,((n+ k)!) = £1,(n)€1, (k) (mod12).
Moreover, by (3.10) and Claim 3.4, the set {£1,((n+ D), L12((n+2)),41,((n+
5D, 212((n+6)D),212((n+ 7D, 412((n+ 10)D)} is — modulo 12 — the product by 1, 5, 7
or 11 of the set {1,2,10,5,7,11}. Claim 3.7 implies that it is equal to the set {1,2,5,7,10,11}.
This ends the proof of Proposition 3.3.

3.3 Proof of Theorem 1.1

We start with the lower bound. Since we are concerned with finitely many values of
a, it is enough to prove that for each value of a there exists § such that the lower bound of
(1.3) holds.

For a in {1,2,5,7,10,11}, this is a simple consequence of Proposition 3.3 and Theorem
1.2, applied with a =0,k = 6, and ¢ = 3.

Let us now assume that a € {3,6,9}. The following result is Proposition 3 in the
article [3].

Proposition 3.8. Let n be divisible by 144, and such that v3(n!) = vy(n!) + 2. Then for any
a € {3,6,9} there exists k € {0,2,3,7} such that £1,((n + k)!) = a.

The number R =3°2*% was introduced in [3]. It satisfies the properties 144 ||
R,s,(R) = 8,55(R) = 4, R < 2'% and R < 312,

By Theorem 1.2, there are — up to constant — more than N# integers n < N
divisible by 219312, and such that s,(n) = s3(n).
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For such n, one has s,(n + R) = s,(n) + 8 and s3(n + R) = s3(n) +4 =s,(n) +4 =
s;(n+ R) — 4. By Legendre’s formula, we thus have v;((n+ R))) =2 v, ((n+ R)!) + 2. By
construction, n + R is divisible by 144, and by Proposition 3.8, each of the digits 3,6 and 9
occur in the sequence {£1,((n + R)!), £1o(M+ R+ 2)),£1,(n+ R +3)D), 1,((n+ R+ 7)N}.

As regards the upper bound, the following result was stated in [5], but not proved.
The authors simply used a result of [1], later refined in [2], leading to the upper bound o(x).

Claim 3.9. We can show that card{n < x:€,,(n!) = a} = 0(x°) with some ¢ < 1 whenever
a # 4,8.

We give here a proof of this claim, based on the following result, for which we give
a short proof relying on Hoeffding’s inequality. A similar result was established in [4], using
multivariate distribution and Stirling’s formula.

Lemma 3.10. Let b = 2 be an integer and & a positive real number. There exists a real
number ¢ < 1 such that for all positive real x one has

b—-1
2loghb

card {0 <n<x: |sb n) — logn| > 61ogn} K x€. (3.14)

Proof. 1t is enough to prove the lemma when x is a sufficiently large power of b, say x = bX.
A little computation shows that we can find 1 and y with 0 < A < u < 1 such that for any
k in [AK, uK], one has

(K — k)(8logb + (b — 1)/2) < (5/2)logb¥.

Then, for n in [b¥, bX), one has

b—-1
2loghb

sp(n) — 5 —-logn| = Slogn = |s,(n) —==K| > (6/2)logh x K. (3.15)

There are (b¥)¥/X integers less than b* and k/K < u < 1. Using Equation (3.15), we
see that in order to prove Lemma 3.10 (3.14), it is enough to prove the following statement.

For any positive 1, there exists a real number ¢ < 1 such that

card{0 <n < b¥:[s,(n) =2 K| 2 nk} < bk, asK s 0. (3.16)

We can rephrase this question in a probabilistic setting. Let &;, -+, &¢ be independent
random variables uniformly distributed on {0,1,:--,b —2,b — 1}, and let Sgx =& + -+ + &,
We readily see that Sk has the following two properties.

For any integer m:

P{Sx = m} = b~ Xcard{n < b¥:s,(n) = m}, (3.17)
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E(Sy) = K%. (3.18)
Hoeffding’s inequality [7] gives the upper bound

2 2
P{ISk — E(Si)| = t} < 2exp (- m) (3.19)

for the tail of the distribution of Sk. Relations (3.17), (3.18), and (3.19) imply

b¥P{|Sx — E(Sk)| = nK}

K _ 2@K)?
Zb exp( K(b—l)z)
2bCK’

card {0 <n < b¥: |5, (n) == K| = nk|

IA

IA

where
-1 (2
c=1 ((b—l)zlogb)'
This proves the validity of (3.16) and thus completes the proof of Lemma 3.10.

By Corollary 3.2, £1,(n!) € {4,8} is equivalent to vs(n!) < vs(n!), and thus (3.7)
implies that #;,(n!) € {4,8} is equivalent to s3(n) < s,(n) + 1. This relation occurs only
rarely:

e cither s3(n) < 0.82logn. Since (3 — 1)/(2log3) = 0.91..., the set of such integers n
has an exponential density less than 1 by Lemma 3.10, applied with b = 3,

e or s3(n) > 0.82logn. We have then s;(n) = s3(n) —1 > 0.82logn — 1 . Since (2 —
1)/(2log2) = 0.72..., the set of such integers n has an exponential density less than
1 by Lemma 3.10, applied with b = 2.

This completes the proof of Claim 3.9, as well as that of Theorem 1.1.

4 Proof of Theorem 1.2

4.1 Revisiting the collisions-paper

In this section, we indicate how to obtain a complete proof of Theorem 1.2. This is
accomplished by minimalistic changes of the paper [10], which we indicate in the sequel.
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First, we want to find almost-collisions in a given residue class a + 2¥3¢N, replacing
the statement “s,(n) — s3(n) € {0,1} for infinitely many n € 9 + 12N”. For this, we modify
the definition of n ([10], Equation (12)) by choosing m = max{2, k}, and n: = 2™|n,2™™].

In ([10], Proposition 2.2), the definition of the shifts d; has to be changed in order
to ensure that we do not leave our prescribed residue class modulo 2¥3%. For this, let

dj = (1U+1+0m0fy,,

which is obviously divisible by 3¢. Moreover, the fact
2m | 205j<R-2m 3j

(use a geometric series and Euler-Fermat) implies 2¥ | d;. Moreover, we ask for the
existence of L € {0, ...,2V3# — 1} such that L = a mod 2¥3*N, instead of L = 9 mod 12. The
rest of the statement is unchanged. In the proof, “blocks of 1s of length n” appear. Their
length is a multiple of four also in the present paper, and the three addition patterns depicted
below ([10], Equation (42)) can be reused in order to obtain an “almost-collision” in the sense

S2(n) —s3(n) € {0,1}.

In ([10], Equation (35)), we replace the first line by a congruence a =r mod 2™,
where r is arbitrary. Also, the construction of the integers k;, beginning with ([10], Equation
(43)), has to account for an arbitrary residue class modulo 3¢. This flexibility is needed for
obtaining collisions in any residue class modulo 2¥3%: by intersection of residue classes such
as in ([10], Equation (41)), and the Chinese remainder theorem, we can obtain any
prescribed L.

Reusing ([10], Propositions 2.3 and 2.4), we obtain the following statement.

Proposition 4.1. Let k,£ > 0 be integers, and 0 < L < 2¥3%. There exist infinitely many
positive integers n € L + 2¥3°N such that

s,(n) —s3(n) € {0,1}.
4.2 Removal of almost collisions

In the previous subsection we have shown that we can achieve almost-collisions in
any residue class L mod 2¥3¢. We now want to remove the inelegant deviation by 1 from a
true collision, while remaining in the residue class. The following proposition states that we
can move to a sparser arithmetic progression L' mod 2k'3%" in order to change an almost
collision into a proper collision, hence proving Theorem 1.2.
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Proposition 4.2. Let 2 < p < q be coprime integers. Let ag be a non-negative integer, say
it is smaller than pYPoq¥0, for some integers py and qo. Let d;, m;, M; be integers for 1 <
i < €. Then the following statements are equivalent.

(i)  Fach d; is divisible by ged(p —1,q — 1).
(ii) There exist integers ty, ..., te, Yp > Vpo» Vg > Vq,» and a, satisfying

o t,=mymodM; foralll1<i<¥, and
e a=aymod p’rog”ao
o foralln=amodp’q’t and for all 1 <i <2,

sp(n+t) —sq(n+t;)=s,(n) —sq(n)+d;. (4.1)
Before we can prove this proposition, we need the following lemma.

Lemma 4.3. Let y and z be positive integers, m',r € [0,pY) integers, and ¢ € {1,2,...,p —
1}. Let m = cp¥ +m' and n be a positive integer congruent to cp¥*% — cp¥ +r modulo
pY T2+l We have

s,(m+1r)+s,(n—r)—z(p—1), ifm+r <p¥*ti;
s,(mny = [PPSO =202 D) | P (42
sp(m+r)+s,(n—-r)—(z-D(p@-1), ifm+r=p’.
Proof. Let us write
m = 0 py+z+1 + 0 py+z + 0 py+z—1 + + c py + m’
n = n p¥*#*t 4+ (¢c-1) p** + (p-1) p¥*t + - + (p-¢) p¥ +

We have

sp(n=1r)=s,(M)+(c—-D+E-DE-D+@-c)=s,(n") +z(p—-1). (4.3)

When m and n are added, the “pY-terms” always produce a carry, which propagates
up to the “p¥*?-terms”, but no further, since c — 1 < p — 2.

Next, we need to reformulate the conditions m + r < p¥*! and m +r > p¥*1 in (4.2)
into statements involving only m',r,c. We observe that

m+r<p’loem +r<p’orc<p-1; (4.4)

m+rzp’lem' +r=pYandc=p - 1. (4.5)
We now make the case distinction depending on the values of m’,r,c.

If m'+r <pY, then

10
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sp(m+n) =s,(n")+c+2zX0+s,(m +7) ands,(m+71) =c+s,(m +71). (4.6)
Relations (4.3) and (4.6) lead to the first part of the first case of (4.2).

If m"+r = pY, then we can write m' +r = p¥ + (m’' + r — p¥); since both m' and r
are less than p¥, we have m' +r — p¥ < p¥ and thus

sm+n)=s,(n)+c+@Z—-1)x0+1+s,(m +r—p¥) =s,(n") +c +s,(m' +7). (4.7)

But, when adding m and r, we get m+r=cp¥ +m'+r=(c+DpY +(m' +r —
p”), which leads to

sp(m+r)=(c+1)+(sp(m’+r)—1)=c+sp(m’+r)ifc<p—1 (4.8)

sp(m+r)=1+ (sp(m’ +r)— 1) =s,(m' +r)ifc=p—-1 (4.9)

Equations (4.3), (4.4), (4.7) and (4.8) lead to the second part of the first case of
(4.2), whereas Equations (4.3), (4.5), (4.7) and (4.9) lead to the second case of (4.2).

Now we are able to prove Proposition 4.2.

Proof. First, we will show that (ii) implies (i). It is known that s,(n) =nmodp — 1, and
Sq(n) = nmod q — 1. Hence evaluating equation (4.1) modulo ged(p — 1,q — 1) we get

n+t,—(n+t)=n—nm+d; .
Hence d; = 0 mod gcd(p — 1,9 — 1).

Now we will prove that (i) implies (ii). We will give a recursive algorithm that gives
us t; up to tp, and the corresponding residue class a given any a,. Without loss of generality,
we can assume that a, < p¥Poq”%. Pick t; > p?ro*1g¥a0*! such that t; = m; mod M;. By
Bezout’s lemma, (also contained in Euclid’s work, see [6]) we can find integers z, and zg,
such that

—dy + sp(t1 + ag) — 5q(t1 + ao) — sp(ag) +s4(ag) =zp,(p — 1) —24,(q — 1).

Let ¢p, be the leading digit of t; in base p, say it is the coefficient of p¥r1, and let
Cq, be the leading digit of t; in base g, say it is the coefficient of g7a1. Additionally, let
Zp, = Zp,, if t; +ag < p¥r1tl and Zp, = Zp, +1,if t; +ag = p¥r1+1. Define z4, analogously.
Now pick n such that it satisfies the congruences

+Zp1

n = ¢, p?r1tis — ¢, p¥r1 + agmodp?ritarity, (4.10)

n = ¢q, q¥1ta — ¢, g7 + agmodg¥atratt (4.11)

11
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Let the residue class of n mod p?r1*#1*tg¥a1*2a1*1 be called a,. Also, we write y, =
Vp, +2zp, + Land y,, =¥, + 24, + 1. Using Lemma 4.3 twice, once with ¢ = ¢,y = ¥p,,7 =
Ao, Z = 7z, and once with ¢ = ¢4,y = Jg,,7 = o, Z = 24, we obtain

Sp(n+1ty) =sp(ty +ag) +sp(n—ag) —2zp,(p— 1), (4.12)
Sq(n+t1):Sq(t1+a0)+sq(n_a0)_z‘lll(q_1)' |

Subtracting the second line from the first, we obtain
sp(n+t) —sg(n+1t;) =s,(n—ag) +s,(ap) —sq(n—ay) —sq(ag) +d; (4.13)

sp(n+t) —sg(n+1t;) =s,(n) —s,(n) +d4 (4.14)

by our choices of z, and zg , since a, are the last y, or y, digits of n, respectively.
Now we will repeat this process another £ — 1 times, and during each iteration, we increase
the indices of each variable by 1 compared to the previous iteration. Since in the k-th
iteration, we have not changed the last y,, or y, , digits of n, respectively, n is still in
the same residue class mod p”Pk-1q”%-1. Hence the integers ti,...,t,_; still satisfy their
respective equation, for n given in the new residue class. Taking a to be a, completes the
proof.

5 A general question

By the main result of [5] and Theorem 1.1, the base b = 12 has the following property
Property 5.1. (Full-range condition). Va € {1,2,...,b — 1},3,n: £, (n!) = a.

Thanks to B. Sobolewski [9], we know that all bases that are prime powers also
satisfy Property 5.1. It would be interesting to characterize all integers b satisfying the full-
range condition.

The following straightforward claim leads to a necessary condition for a base b to
satisfy Property 5.1.

Claim 5.2. Let b be a natural integer larger than 2 and b = pfl - pes a decomposition of b
as a product of pairwise coprime prime powers. A necessary condition that at least one
integer a coprime with b occurs infinitely many times in the sequence (£p(n!)), is

a(py —1) = =as(ps = 1). (.1
Proof. If the condition (5.1) is not satisfied, then s > 2 and there exist two indices i and j

such that a;(p; — 1) < a;j(p; — 1). By (3.8) and the fact that s,(n) = O(logn), we have, for
sufficiently large n : vpj(n!) < vp,(n!) and so p; divides £, (n!).
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By the same reasoning, we easily prove the following claim.

S

Claim 5.3. Let b be a natural integer larger than 2 and b = pfl s a decomposition of b
as a product of pairwise coprime prime powers. A necessary and sufficient condition that
at least one integer a coprime with b occurs infinitely many times in the sequence (£,(n!))n

18
ai(py—1) = =as(ps—1) and Eloon:spl(n) =...= sps(n). (5.2)

We believe that Claim 5.3 is also necessary and sufficient for b to satisfy the full-
range condition (Property 5.1).

In a letter to the Number Theory List [11], Zhi-Wei Sun mentions the following

Conjecture 5.4. (Shawkwei Moh, 1990). For any k distinct primes py, ..., Dx, there are
infinitely many positive integers n such that

1 . 1 . . 1
p1—1 pp—-1"  pp-1

vp, (D)1, (nh): -1y, () = (5.3)

This conjecture would imply that Conditions (5.1) and (5.2) are equivalent. We have
however some heuristic reasons, which we shall present elsewhere, to doubt that this is the
case.
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