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Hankel and Hermitian-Toeplitz Determinants for Einstein-Type
Sakaguchi Functions
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Abstract. In this paper, we introduce and investigate two Sakaguchi-type subclasses of normalized analytic
functions which are generated by subordination to the Einstein function

z
E(Z) = m
The first class is defined through the Sakaguchi starlikeness expression, whereas the second one is obtained
from the corresponding Sakaguchi convexity expression; accordingly, these classes are denoted by S} and
Cr, respectively. For functions f(z) = z + )., 1,2" belonging to these classes, we determine bounds for the
first three non-trivial Taylor coefficients and then use these coefficient relations to estimate the second-order
Hankel determinants H,1(f) and H,,(f). We also obtain two-sided estimates for the Hermitian-Toeplitz
determinants T»1(f) and T3:(f). The analysis is based on the Schwarz-function representation of subor-
dination, coefficient comparison with the Einstein expansion, and the classical Carathéodory coefficient
parametrization, which enables the relevant determinant functionals to be reduced to explicitly tractable
functions of two real parameters.

1. Introduction and Preliminaries

Let
D={zeC:|z|<1}

denote the open unit disk, and let A stand for the class of all functions that are analytic in ID and normalized
by
f(0) =0, f'(0)=1.

Thus every f € A has the Taylor expansion

f(2) :z+2anz”, zeDD.
n=2

Coefficient problems occupy a central position in geometric function theory because they connect the an-
alytic data encoded in the Taylor coefficients with the geometric behaviour of the associated image domains.
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In particular, determinant functionals constructed from the Taylor coefficients provide refined nonlinear
measurements of analytic and geometric structure, and they have therefore been studied extensively for
starlike, convex, close-to-convex, Ma-Minda type, and Sakaguchi-type subclasses of analytic and univalent
functions.

For a normalized analytic function f(z) = z + };2, a,z", the Hankel determinant H, ,(f) is defined by
(see [17])

an Ap+1 0 Opg-1
An+1 Ane2 0 Onag
Hq,n(f )=
An+qg-1  Qn+q  *°° An+2g-2

In the present work we shall use, in particular,
H2/1 (f) =4a3 — a%, Hz/z(f) = doldy — aé.

Another coefficient functional considered here is the Hermitian-Toeplitz determinant see [6]). Its second
and third forms are given by

1 a
Ta(f) =, 1|=1-laf
and .
1 a a3
T31(f)=la2 1 a.
as dp 1

A direct expansion gives
T31(f) = 1= 2lag + 2 Re(a3) — las.

Sakaguchi functions [18] form a classical family related to starlikeness with respect to symmetric points.
A function f € A is said to be Sakaguchi starlike if

2:f(2)
Re(f(z) T

and the corresponding Sakaguchi convex condition is expressed through

. ( 2e1'(2))

€ ’
(f(@) = f(=2)

Recently many authors have studied on Hankel determinants and Hermitian-Toeplitz determinants by

using different methods (see, [1} 14,55} [7H12) 14416} [19]). Motivated by these symmetric-point conditions and

by recent interest in coefficient determinants generated by special analytic functions, we introduce in this

paper two subclasses obtained by subordinating the above Sakaguchi expressions to the Einstein function

)>0, z e D.

)>0, z e D.

_l—g‘f—é—i‘f—
a 2 12 720 '

z

E@ = et —1

Although the Einstein expansion has no z* term, the passage through a Schwarz function produces non-
trivial third-order coefficient contributions, and this feature is essential in estimating the determinants
involving ay.

Let P denote the Carathéodory class consisting of functions

p) = 1+piz+pz? +p3z® +---

which are analytic in ID and satisfy Rep(z) > 0 in ID. The following lemmas will be used throughout the
paper.
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Lemma 1.1. [2] Ifp € P, then
lpal <2, n>1.

Lemma 1.2. [3] If p € P, then, for every complex number p,
lp2 — ppfl < 2max{1,[2p - 1}}.
Lemma 1.3. [13] If p € P, then there exist complex numbers 6 and 1, with |0| < 1 and |n| < 1, such that
2p, = pi+ (4= p7)d

and
dps = p3 +2p1(4 - D)6 — pr(4 — p})6* +2(4 — p1)(1 - 161)n.

In the applications of LemmalT.3} since the involved estimates are rotationally invariant, we may assume
that
p1=c, 0<c<2,

and we shall write
16l = u, O<u<l

2. Einstein-type Sakaguchi Classes and Coefficient Relations

Definition 2.1. A function f € A is said to belong to the Einstein-type Sakaguchi starlike class Sy, if

22f'(2)
2 = _JE(), zeD.
o - <
Equivalently, there exists a Schwarz function w, satisfying w(0) = 0 and |w(z)| < 1 in D, such that
2:f(2)
————F = E(w(2)).
@ -fa -
Definition 2.2. A function f € A is said to belong to the Einstein-type Sakaguchi convex class Cg if
2(zf'(2))

Fo—foy “Ha zeb

ot, equivalently, if there exists a Schwarz function w such that
2(zf'(2))
f—, = E(w(2)).
(f(@) = f(=2)
We first record the coefficient relations that will be repeatedly used in the sequel. If w is the Schwarz
function associated with the above subordination and
_1+w(z)

1—-w(z)

=1l+pz+pzt+p3z° +--+,

p(z)

then p € £ and

w(z)

2772 4" T2 2 T

L O

Substitution into the Einstein expansion gives

48 4

E(w(z))zl—zz+ 0 4 1

7 2 3
P (Pl pz]zz+[_ﬂ+7wz_z§ 3
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For f € S}, comparison of (1) with

2
’#}?)_Z) =1+ 20,z + 261322 + (4614 - 2612613)23 + -
yields
P M 397 Slpipx  ps
gz = —— = = — + —_—

8" ™79 "8 ™T 71536 384 16
For f € Cg, comparison of (1) with

221" )
(f(2) = f(=2))

=1+ 4ayz + 6a32% + (1644 — 12a,a3)2> + - - -

gives
p T p; _ _39p§’ . 3lpipa ps

160 BT 88 24 47 5144 T 1536 64

ap; =

3. Results for the Class S
Theorem 3.1. Let f € S be given by f(z) = z + Y.;_» a,2". Then

ml<t  mi<l <l
2—4/ 3—4/ 4—8-

Proof. The first identity in (2) and Lemma|I.Timmediately give

Moreover,

and Lemmal 1.2} used with p = 7/12, gives

<2,

7 2
Pz—ﬁpl

so that |a3| < 1/4.

It remains to justify the estimate for a, without suppressing the Carathéodory parametrization.

Lemma withp; =¢,0<c<2,and [0] = y, 0 < u < 1, the last formula in () becomes

& 74— CZ)(5 N c(4 - cz)52 - (1 - HZ)T]-

“="1536 T T 768 64 2
Hence s s 5 ( 2)( 2)
c 7c(4-c”) c4-c*) , @-c)A-u
< = .
sl < Ple, ) i= g+ —pgg Mt T MY 0
Equivalently,
A 4-c 74-c*)  @4-A3AH2-o9 ,
Pem =153t 3 e M a

15

©)

By

For each fixed c € [0, 2) this is a concave quadratic polynomial in y, and its maximum on [0, 1] is therefore

attained either at an endpoint or at the critical point

_ 7c
Ho= 2409
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whenever this point belongs to [0, 1]. At the endpoints we have

c3 4-c2 1
= < -
Pe0=153" 32 =3
and s ) )
c 7c4—-c*) c4-c*) 1
D(e,1) = <=
CD=156* 768 "~ @ ¥

where the second inequality follows from

1 37¢% —152¢ + 192

g - Peb= 1536 =

3 0<c<2).

If up € [0, 1], then necessarily 0 < ¢ < 48/31, and direct substitution gives

(e, 1) = 73¢% — 1054c* + 4608 < 1
36864 8
Thus |a4] <1/8, as required. [
Theorem 3.2. If f € §;., then
Haa () < 5.

Proof. Using (@), we obtain
1 11
Hoi(f) = a3 a5 = -2 (Pz - ﬂP%)-

Since Lemma [I.2lwith p = 11/24 gives

11 ,
- —p? <
PZ 24P1 - 2’
it follows directly that
1 1
<Z.2=1"_.
[Ha1(f) < 3 2 1

0
Theorem 3.3. If f € S, then
1
< —.
[Hao(f)l < T

Proof. From (2), a straightforward calculation yields

L, B P s
36864

Hyo(f) = apay — a3 = 3072 64 128"

Applying Lemma|[I.3with p; = c and || = y, and then using the triangle inequality, we obtain
IHz2(f)l < F(c, ),

where c* AA-c?) @4-A2P , Fa-A) , cd-AH1-p?)

36864 T e1aa M 286 M T TEI2 MY 86

oF wf & 8-c2-2
L —@u- >
o= 4e ){6144 T 2% “} 20,

F(c, p) =
For fixed c € [0, 2],

16
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because 8 — ¢ —2c = (2 — ¢)(c + 4) > 0 on [0, 2]. Therefore F(c, 1) < F(c, 1) = G(c), where

67c¢*  35¢2 1

GO = 36862 ~ 1536 T 16
Since
, 67¢®  35¢c
G(C) m—% <0 (0<C<2),

the function G decreases on [0, 2], and hence its maximum is attained at ¢ = 0. Consequently,

|Ha(f)l < G(0) = —
0

Theorem 3.4. If f € S;., then
15

16 <Toa(f) < 1.

Proof. Since To1(f) =1 - las)? and a, = —p1/8, we have, withp; =cand 0 <c <2,

C2
Toa(f)=1- o

This decreasing function assumes its largest value at ¢ = 0 and its smallest value at ¢ = 2, which gives

1—i <Tou(f) <1

64 ~
O
Theorem 3.5. If f € S, then
253
288 = <Ts1(f) < 1.

Proof. Using (@) together with 2p, = p? + (4 — p})5, we get

( - Pl)z
256

p1 pal p1( - p1)

—z— 1o
324608 1536

T31(f)=1-

Re(6) —

17

Setp; =cand 0] = y, where 0 < c <2and 0 < u < 1. Since — Re(d) < u, the upper estimate follows from

&t APa-PF) @d-A)?,
< =1-= -
Taalf) sFlow)i=1-35+ 758+ 536 *~ 286

For each fixed c, the function F(c, ) is concave in y; its possible interior critical point is

2

H = Da—ay
At this point,
(c* — 64)?
=~ <
F(Cl HO) 4096 = 1/
while on the boundary one has
02 ct
F(c,0)=1- <1
€0 =1-3* 208 ="
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2t PA-A) 4-c2)?
Fic,1)=1- — — <1,
1) 2 " 1608 T 1536 %6
because 1 — F(c, 1) = (5¢* — 3¢ + 72)/1152 > 0, and also F(0, u) = 1 — p?/16 < 1. Hence T5(f) < 1.

For the lower estimate, using Re(6) < p and u < 1, we obtain

c? ¢ 24— (4-c2)?
> =] - — — _
Ta(f) 2 6@ :=1- 35+ 1558 ~ 1536 256
Since 3
son . C 7c
G'(c) = T 576<0 0<c<?2),
G is decreasing on [0, 2], and therefore
1 1 253
> =1--= _— =
Ta(f)2C@) =1-g+ 505 = 758

O

4. Results for the Class Cg
Theorem 4.1. Let f € Cg be given by f(z) =z + Y., a,2". Then

ol < ol <= < o
#e ey ey
Proof. The first two estimates follow from (3)) exactly as in the starlike case. Indeed,
Il 1
=— <=
l="6 <5

and

e = _l( _7 2)
3=\ )
so that Lemmal(l.2]gives |as| < 1/12.
For ay, Lemma(L.3|gives
T4~ cz)(5 N c(4 - cz)é2 4= A1 - p?)
6144 T 3072 256 128 T
wherep; =¢,0<c<2,and 0| =, 0 < u < 1. Thus

ag =

S Tcd-c2)  cd-c) , @-AH1-u?)
bl < gt a0 Mt s T 128

18

The right-hand side is exactly one fourth of the corresponding majorant used in the proof of Theorem

consequently it does not exceed 1/32. This proves the asserted coefficient estimates. [
Theorem 4.2. If f € Cg, then
1
H < —.
IHa1 () < B

Proof. By (3),
1 47
Hoy(f) = a3 —ay = - (Pz - %P%)-

Lemmal(L.2} applied with p = 47/96, implies

<2,

_47 5
P2 96p1

and hence [H1(f)| < 1/12. O
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Theorem 4.3. If f € Cg, then

1
<—.
H22()l < 74
Proof. Using (3), we first obtain

515p,  169%pa P pips

Hoo(f) = — _ ,
2200 = ~ 3651008 * 221184 576 * 1024

After substituting the parametrization in Lemma with p; = cand |0| = y, the triangle inequality yields

IHz2(f)I < F(c, ),

where

5c* N A4-ct) (@4-c?, 3Fa-A), . cd—cAH(1-u?)
2654208 442368 1T 2304 1 T 4006 2048

2 18— 72
8_F=(4_C2){ c 64 — 18c — 7c y}ZO,

F(e,p) =

For fixed c € [0, 2],

E 142368 1 18432
since 64 — 18¢ — 7¢? > 0 on [0, 2]. Hence F(c, 1) < F(c, 1) = G(c), where

503¢* 275¢2 1

G©) = Se52208 ~ 110592 T 144"

G0 = 503c3 _ 275¢
663552 55296
the maximum of G on [0, 2] is G(0) = 1/144. Therefore

<0 0<c<?2),

1
< —.
[Ha2(f)| < T
O

Theorem 4.4. If f € C, then

Z—Z <Th(f) <1
Proof. Since a; = —p1/16, we have
Toi(f)=1-lapff =1- %
Taking p1 =¢,0 < c <2, gives
Toi(f)=1- %,

and the desired two-sided estimate follows immediately by evaluating this decreasing function atc = 0 and
c=2. O

Theorem 4.5. If f € Cg, then
20093

20736 <Ts(f) <1
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Proof. Using (@) and 2p; = p? + (4 — p3)5, we get

(4-p})?
2304

2 4 2 2
p 5p pi(4—p7)
T3/1(f)=1— 1 + 1 1 1

- 6.
128 * 331776 55296

Re(6) —

Letp; = cand [6| = 4, where 0 < ¢ <2 and 0 < u < 1. Since —Re() < y,

< 5c* 4= @d-7,

Ta(f) < Fep) = 1= o0 + 23976 * 55206 *~ 2304

The function F(c, i) is concave in y, and its possible interior critical point is

2

HO = 8@ — )
At this point,
(c® - 256)?
F(c, =——X1,
(©10) = —o5536
whereas ) .
c 5¢
=1 — <
Fe0) =1- 158 * 331776 =
and
F(c,1) <1,
because . )
145¢* + 1416¢~ + 2304
1-Fc1) = T > 0.

Thus T3,1(f) <1
For the lower estimate, using Re(6) < p and u < 1, we derive

c? 5c* A=) @d-cy

> =1—- = -
TN 260 =1- 75+ 31776 ~ 55206~ 2304
Since 3
. 6lc 133
CO="go12 “goom <° ©=c=?

G is decreasing on [0, 2], and hence

1 5 20093

> =l-o o = o
T31( 2GR =1- 35+ 55736 = 20736

O

5. Concluding remarks

The preceding results show that the Einstein-type Sakaguchi starlike and convex classes admit explicit
coefficient and determinant estimates that can be obtained through a unified Carathéodory-parametric
approach. In comparison with the starlike class S}, the convex class Cr produces systematically narrower
bounds for the initial coefficients and for the Hankel-type quantities considered here, which is consistent
with the additional rigidity imposed by the convexity-type differential expression. The method is flexible
enough to be adapted to other subordinating functions whose Taylor coefficients are explicitly known, and
it may therefore be useful for further investigations of Hankel, Toeplitz, and related nonlinear coefficient
functionals in symmetric-point subclasses of analytic functions.
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